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Perceptron

Given the training set {(xn, tn)1nN}, choose a w that minimizes
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y(x;w, w0) =

⇢
1 if wTx+ w0 � 0 ,
�1 otherwise.
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E(w, w0) = �
NX

n=1

(wTxn + w0)tn
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Logistic Regression

s(a)
s(a)

a

Given the training set {(xn, tn)1nN}, choose a w that minimizes
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y(x;w, w0) = �(wTx+ w0)

⇡ p(t = 1,x)
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E(w, w0) = �
X

n

{tn ln yn + (1� tn) ln(1� yn)} ⇡ � ln(p(t|w, w0)) .
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Perceptron vs Logistic

Perceptron Logistic

But ….
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What about Data that is NOT 
Linearly Separable? 

Map it to a higher dimension! 
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Mapping Data to a Higher Dimension

• The data is separable in 3D.  
• The problem can now be solved using a linear classifier. 
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Classification in Feature Space

• Map from Rd to RD 
• Learn a linear classifier in RD

f(x) = �(wT�(x) + w0)

� : Rd ! RD
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Potential Exam Questions

• Would the perceptron work in the case of Fig(a)? 
Why or why not? What other algorithm could you 
use? What would be the advantage? 

• What’s the meaning of the first 1 in the definition 
of      in (b)? Why is it needed? 

y(x; w̃) =

⇢
1 if w̃T x̃ � 0 ,
�1 otherwise.

x̃ = [1, x1, ..., xn]
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(a) (b)

x̃
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Classification as Surface 
Approximation

• How large should D be? Does it even exist?  
• How should we choose f?  

f(x) = �(wT�(x) + w0)

� : Rd ! RD
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r(x, y) = 100 ⇤ (y � x2)2 + (1� x)2

f(x, y) =

⇢
-1 if r(x, y) < T
1 otherwise

<latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit><latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit><latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit><latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit>

Rosenbrock:
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Cover’s Theorem
A complex pattern-classification problem, cast in a high-dimensional space nonlinearly, is more likely to 
be linearly separable than in a low-dimensional space, provided that the space is not densely populated.

Geometrical and Statistical properties of systems of linear inequalities with applications,1965

N : Dimension of space

p : Number of samples

C(p,N)

2p
: Percentage of separable partitions
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C(p+ 1, N) = C(p,N) + C(p,N � 1)

= C(p� 1, N) + 2C(p� 1, N � 1) + C(p� 1, N � 2)

= C(p� 2, N) + 3C(p� 2, N � 1) + 3C(p� 2, N � 2) + C(p� 2, N � 3)

= . . .
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C(1, N � 1) + . . .+

✓
p
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C(1, N � p)
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= C(p� 2, N) + 3C(p� 2, N � 1) + 3C(p� 2, N � 2) + C(p� 2, N � 3)

= . . .

=

✓
p
0

◆
C(1, N) +

✓
p
1

◆
C(1, N � 1) + . . .+
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Proof Sketch

C(p+ 1, N) = C(p,N) + C(p,N � 1)

= C(p� 1, N) + 2C(p� 1, N � 1) + C(p� 1, N � 2)

= C(p� 2, N) + 3C(p� 2, N � 1) + 3C(p� 2, N � 2) + C(p� 2, N � 3)

= . . .

=

✓
p
0

◆
C(1, N) +

✓
p
1

◆
C(1, N � 1) + . . .+

✓
p
p

◆
C(1, N � p)
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8n , C(1, n) = 2

8p , C(p, 1) = p+ 1
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i

◆
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Recursive Implementation

p\n N=1 N=2 N=3
p=1 2 2 2
p=2 3
p=3 4
p=4 5

8n , C(1, n) = 2

8p , C(p, 1) = p+ 1
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p\n N=1 N=2 N=3
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p\n N=1 N=2 N=3
p=1 2 2 2
p=2 3 4 4
p=3 4 7 8
p=4 5

p\n N=1 N=2 N=3
p=1 2 2 2
p=2 3 4 4
p=3 4 7 8
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p\n N=1 N=2 N=3
p=1 2 2 2
p=2 3 4 4
p=3 4 7 8
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Numerical Approximation

C(p+ 1, N) = 2
N�1X

i=0

✓
p
i

◆

C(p,N)

2p
⇡ 0.5 ⇤ (1 + erf(n

p
(2/p)�

p
(p/2)))) when N is large.
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Figure 1: C(p,N)/2p (fraction of linearly separable partitions) plotted against p/N for three different N values.
The solid line uses the exact expression for C(p,N), i.e. Equation 5, the circles use the Gaussian approximation in
Equation 11.

For large p, one can use the Gaussian approximation of the binomial coefficients:

2−m

(

m

n

)

≈ N (n;
m

2
,
m

4
) (6)

where N (n; m
2
, m

4
) denotes the pdf of a Gaussian distribution with mean m

2
and variance m

4
evaluated at n. Equa-

tion 6 is valid for large m. Using this approximation in Equation 5, we have:

C(p+ 1, N)

2p+1
≈

N−1
∑

i=0

N (i;
p

2
,
p

4
) (large p) (7)

≈ Φ(N − 1;
p

2
,
p

4
) (large p) (8)

=
1

2

[

1 + erf
(

(N − 1)

√

2

p
−

√

p

2

)]

(definition of erf) (9)

≈
1

2

[

1 + erf
(

N

√

2

p
−

√

p

2

)]

(large N) (10)

Here, Φ(n;m, k) denotes the cdf of a Gaussian with mean m and variance k evaluated at n. In the large p limit, we
can also replace p+ 1 with p on the left-hand side to get (circles in Figure 1):

C(p,N)

2p
≈

1

2

[

1 + erf
(

N

√

2

p
−

√

p

2

)]

(11)
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erf(x) =
2p
⇡

Z x

0
exp(�t2)dt
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Problem Solved?
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Figure 1: C(p,N)/2p (fraction of linearly separable partitions) plotted against p/N for three different N values.
The solid line uses the exact expression for C(p,N), i.e. Equation 5, the circles use the Gaussian approximation in
Equation 11.

For large p, one can use the Gaussian approximation of the binomial coefficients:

2−m

(
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)

≈ N (n;
m

2
,
m

4
) (6)

where N (n; m
2
, m

4
) denotes the pdf of a Gaussian distribution with mean m

2
and variance m

4
evaluated at n. Equa-

tion 6 is valid for large m. Using this approximation in Equation 5, we have:

C(p+ 1, N)

2p+1
≈

N−1
∑

i=0

N (i;
p
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,
p

4
) (large p) (7)

≈ Φ(N − 1;
p

2
,
p

4
) (large p) (8)
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2
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1 + erf
(

(N − 1)

√

2
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√
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2
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(definition of erf) (9)
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(

N

√

2

p
−

√

p

2
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(large N) (10)

Here, Φ(n;m, k) denotes the cdf of a Gaussian with mean m and variance k evaluated at n. In the large p limit, we
can also replace p+ 1 with p on the left-hand side to get (circles in Figure 1):

C(p,N)

2p
≈

1

2

[

1 + erf
(

N

√

2

p
−

√

p

2
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(11)
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2

• Facebook or Google deal with BILLIONS of images. 
• p and therefore N should be of that magnitude. 
• Dealing with matrices of dimension NxN is impractical.   

Operating range
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Hopeless Problem?
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Figure 1: C(p,N)/2p (fraction of linearly separable partitions) plotted against p/N for three different N values.
The solid line uses the exact expression for C(p,N), i.e. Equation 5, the circles use the Gaussian approximation in
Equation 11.

For large p, one can use the Gaussian approximation of the binomial coefficients:

2−m

(

m

n

)

≈ N (n;
m

2
,
m

4
) (6)

where N (n; m
2
, m

4
) denotes the pdf of a Gaussian distribution with mean m

2
and variance m

4
evaluated at n. Equa-

tion 6 is valid for large m. Using this approximation in Equation 5, we have:

C(p+ 1, N)

2p+1
≈

N−1
∑

i=0

N (i;
p

2
,
p

4
) (large p) (7)

≈ Φ(N − 1;
p

2
,
p

4
) (large p) (8)

=
1

2

[

1 + erf
(

(N − 1)

√

2

p
−

√

p

2

)]

(definition of erf) (9)

≈
1

2

[

1 + erf
(

N

√

2

p
−

√

p

2

)]

(large N) (10)

Here, Φ(n;m, k) denotes the cdf of a Gaussian with mean m and variance k evaluated at n. In the large p limit, we
can also replace p+ 1 with p on the left-hand side to get (circles in Figure 1):

C(p,N)

2p
≈

1

2

[

1 + erf
(

N

√

2

p
−

√

p

2

)]

(11)
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Neither Solved nor Hopeless

Bad news:  

• The ratio of the number of points 
to the dimension must be less 
than 2. 

• The dimension must be huge for 
large databases. 

• As the dimension increases, the 
boundaries become increasingly 
irregular and sensitive to noise. 

Good news:  

• The world is structured and the 
points we want to classify are 
NOT randomly distributed. 

• We can compute feature vectors 
that are “close” for objects that 
belong to the same class.
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Dimensionality Reduction

• The MNIST images are 28x28 arrays. 
• They are not uniformly distributed in R784. 
• In fact they exist on a low dimensional manifold. 



 18

Face Images

• The same can be said about face images. 
•  And of many other things.  
—> Non linear classification is a practical proposition.

Fan et al.  AVBPA’05
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[x, y, xy]
<latexit sha1_base64="7BkQpthZx7gMenfGZO7+wIzk+4M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsh7VKyabYNTbJLkpUuS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDBpTH2Bh5KFjGBjpUfUnVTT6iT1++WKW3PnQKvEy0kFcjT65a/eICKJoNIQjrXuem5s/Awrwwin01Iv0TTGZIyHtGupxIJqP5sfPEVnVhmgMFK2pEFz9fdEhoXWqQhsp8BmpJe9mfif101MeO1nTMaJoZIsFoUJRyZCs+/RgClKDE8twUQxeysiI6wwMTajkg3BW355lbQuap5b8+4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwpNj+Y=</latexit><latexit sha1_base64="7BkQpthZx7gMenfGZO7+wIzk+4M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsh7VKyabYNTbJLkpUuS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDBpTH2Bh5KFjGBjpUfUnVTT6iT1++WKW3PnQKvEy0kFcjT65a/eICKJoNIQjrXuem5s/Awrwwin01Iv0TTGZIyHtGupxIJqP5sfPEVnVhmgMFK2pEFz9fdEhoXWqQhsp8BmpJe9mfif101MeO1nTMaJoZIsFoUJRyZCs+/RgClKDE8twUQxeysiI6wwMTajkg3BW355lbQuap5b8+4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwpNj+Y=</latexit><latexit sha1_base64="7BkQpthZx7gMenfGZO7+wIzk+4M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsh7VKyabYNTbJLkpUuS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDBpTH2Bh5KFjGBjpUfUnVTT6iT1++WKW3PnQKvEy0kFcjT65a/eICKJoNIQjrXuem5s/Awrwwin01Iv0TTGZIyHtGupxIJqP5sfPEVnVhmgMFK2pEFz9fdEhoXWqQhsp8BmpJe9mfif101MeO1nTMaJoZIsFoUJRyZCs+/RgClKDE8twUQxeysiI6wwMTajkg3BW355lbQuap5b8+4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwpNj+Y=</latexit><latexit sha1_base64="7BkQpthZx7gMenfGZO7+wIzk+4M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsh7VKyabYNTbJLkpUuS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDBpTH2Bh5KFjGBjpUfUnVTT6iT1++WKW3PnQKvEy0kFcjT65a/eICKJoNIQjrXuem5s/Awrwwin01Iv0TTGZIyHtGupxIJqP5sfPEVnVhmgMFK2pEFz9fdEhoXWqQhsp8BmpJe9mfif101MeO1nTMaJoZIsFoUJRyZCs+/RgClKDE8twUQxeysiI6wwMTajkg3BW355lbQuap5b8+4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwpNj+Y=</latexit>

[x, y, x2, . . . , xy2, y3]
<latexit sha1_base64="Bsi9xEzH8VuMH2FNRiNgXsZSUlY=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhMURVUpBgrGBhLBK9SGlaOY7bWnWcyHZQo6gDC6/CwgBCrDwEG2+D22aAll+y9Ok/5+j4/H7MqFS2/W0U1tY3NreK26Wd3b39A/PwqCWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3wzq7cfiJA04vcqjYkXoiGnA4qR0lbfLEPoTqzUmvRqVpcFkZLWJNWc9s69vlmxq/ZccBWcHCogV6NvfnWDCCch4QozJKXr2LHyMiQUxYxMS91EkhjhMRoSVyNHIZFeNj9iCk+1E8BBJPTjCs7d3xMZCqVMQ193hkiN5HJtZv5XcxM1uPIyyuNEEY4XiwYJgyqCs0RgQAXBiqUaEBZU/xXiERIIK51bSYfgLJ+8Cq1a1bGrzt1FpX6dx1EEZXACzoADLkEd3IIGaAIMHsEzeAVvxpPxYrwbH4vWgpHPHIM/Mj5/AET2lpM=</latexit><latexit sha1_base64="Bsi9xEzH8VuMH2FNRiNgXsZSUlY=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhMURVUpBgrGBhLBK9SGlaOY7bWnWcyHZQo6gDC6/CwgBCrDwEG2+D22aAll+y9Ok/5+j4/H7MqFS2/W0U1tY3NreK26Wd3b39A/PwqCWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3wzq7cfiJA04vcqjYkXoiGnA4qR0lbfLEPoTqzUmvRqVpcFkZLWJNWc9s69vlmxq/ZccBWcHCogV6NvfnWDCCch4QozJKXr2LHyMiQUxYxMS91EkhjhMRoSVyNHIZFeNj9iCk+1E8BBJPTjCs7d3xMZCqVMQ193hkiN5HJtZv5XcxM1uPIyyuNEEY4XiwYJgyqCs0RgQAXBiqUaEBZU/xXiERIIK51bSYfgLJ+8Cq1a1bGrzt1FpX6dx1EEZXACzoADLkEd3IIGaAIMHsEzeAVvxpPxYrwbH4vWgpHPHIM/Mj5/AET2lpM=</latexit><latexit sha1_base64="Bsi9xEzH8VuMH2FNRiNgXsZSUlY=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhMURVUpBgrGBhLBK9SGlaOY7bWnWcyHZQo6gDC6/CwgBCrDwEG2+D22aAll+y9Ok/5+j4/H7MqFS2/W0U1tY3NreK26Wd3b39A/PwqCWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3wzq7cfiJA04vcqjYkXoiGnA4qR0lbfLEPoTqzUmvRqVpcFkZLWJNWc9s69vlmxq/ZccBWcHCogV6NvfnWDCCch4QozJKXr2LHyMiQUxYxMS91EkhjhMRoSVyNHIZFeNj9iCk+1E8BBJPTjCs7d3xMZCqVMQ193hkiN5HJtZv5XcxM1uPIyyuNEEY4XiwYJgyqCs0RgQAXBiqUaEBZU/xXiERIIK51bSYfgLJ+8Cq1a1bGrzt1FpX6dx1EEZXACzoADLkEd3IIGaAIMHsEzeAVvxpPxYrwbH4vWgpHPHIM/Mj5/AET2lpM=</latexit><latexit sha1_base64="Bsi9xEzH8VuMH2FNRiNgXsZSUlY=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhMURVUpBgrGBhLBK9SGlaOY7bWnWcyHZQo6gDC6/CwgBCrDwEG2+D22aAll+y9Ok/5+j4/H7MqFS2/W0U1tY3NreK26Wd3b39A/PwqCWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3wzq7cfiJA04vcqjYkXoiGnA4qR0lbfLEPoTqzUmvRqVpcFkZLWJNWc9s69vlmxq/ZccBWcHCogV6NvfnWDCCch4QozJKXr2LHyMiQUxYxMS91EkhjhMRoSVyNHIZFeNj9iCk+1E8BBJPTjCs7d3xMZCqVMQ193hkiN5HJtZv5XcxM1uPIyyuNEEY4XiwYJgyqCs0RgQAXBiqUaEBZU/xXiERIIK51bSYfgLJ+8Cq1a1bGrzt1FpX6dx1EEZXACzoADLkEd3IIGaAIMHsEzeAVvxpPxYrwbH4vWgpHPHIM/Mj5/AET2lpM=</latexit>

[x, y, x2, . . . , xy3, y4]
<latexit sha1_base64="Z3MN1kcQviWn7QXQbJx1KJe5uKQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJLUgi6LblxWsA9I0zKZTNuhk0yYmUhD6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPHzMqlW1/G2vrG5tb24Wd4u7e/sGheXTckjwRmDQxZ1x0fCQJoxFpKqoY6cSCoNBnpO2Pb2Z++4EISXl0r9KYeCEaRnRAMVJa6pslCN2JlVqTXtXqsoAraU3S3oWV9mpe3yzbFXsOuEqcnJRBjkbf/OoGHCchiRRmSErXsWPlZUgoihmZFruJJDHCYzQkrqYRCon0svkTU3imlQAOuNAVKThXf09kKJQyDX3dGSI1ksveTPzPcxM1uPIyGsWJIhFeLBokDCoOZ4nAgAqCFUs1QVhQfSvEIyQQVjq3og7BWX55lbSqFceuOHe1cv06j6MASuAUnAMHXII6uAUN0AQYPIJn8ArejCfjxXg3Phata0Y+cwL+wPj8AUgElpU=</latexit><latexit sha1_base64="Z3MN1kcQviWn7QXQbJx1KJe5uKQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJLUgi6LblxWsA9I0zKZTNuhk0yYmUhD6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPHzMqlW1/G2vrG5tb24Wd4u7e/sGheXTckjwRmDQxZ1x0fCQJoxFpKqoY6cSCoNBnpO2Pb2Z++4EISXl0r9KYeCEaRnRAMVJa6pslCN2JlVqTXtXqsoAraU3S3oWV9mpe3yzbFXsOuEqcnJRBjkbf/OoGHCchiRRmSErXsWPlZUgoihmZFruJJDHCYzQkrqYRCon0svkTU3imlQAOuNAVKThXf09kKJQyDX3dGSI1ksveTPzPcxM1uPIyGsWJIhFeLBokDCoOZ4nAgAqCFUs1QVhQfSvEIyQQVjq3og7BWX55lbSqFceuOHe1cv06j6MASuAUnAMHXII6uAUN0AQYPIJn8ArejCfjxXg3Phata0Y+cwL+wPj8AUgElpU=</latexit><latexit sha1_base64="Z3MN1kcQviWn7QXQbJx1KJe5uKQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJLUgi6LblxWsA9I0zKZTNuhk0yYmUhD6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPHzMqlW1/G2vrG5tb24Wd4u7e/sGheXTckjwRmDQxZ1x0fCQJoxFpKqoY6cSCoNBnpO2Pb2Z++4EISXl0r9KYeCEaRnRAMVJa6pslCN2JlVqTXtXqsoAraU3S3oWV9mpe3yzbFXsOuEqcnJRBjkbf/OoGHCchiRRmSErXsWPlZUgoihmZFruJJDHCYzQkrqYRCon0svkTU3imlQAOuNAVKThXf09kKJQyDX3dGSI1ksveTPzPcxM1uPIyGsWJIhFeLBokDCoOZ4nAgAqCFUs1QVhQfSvEIyQQVjq3og7BWX55lbSqFceuOHe1cv06j6MASuAUnAMHXII6uAUN0AQYPIJn8ArejCfjxXg3Phata0Y+cwL+wPj8AUgElpU=</latexit><latexit sha1_base64="Z3MN1kcQviWn7QXQbJx1KJe5uKQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJLUgi6LblxWsA9I0zKZTNuhk0yYmUhD6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPHzMqlW1/G2vrG5tb24Wd4u7e/sGheXTckjwRmDQxZ1x0fCQJoxFpKqoY6cSCoNBnpO2Pb2Z++4EISXl0r9KYeCEaRnRAMVJa6pslCN2JlVqTXtXqsoAraU3S3oWV9mpe3yzbFXsOuEqcnJRBjkbf/OoGHCchiRRmSErXsWPlZUgoihmZFruJJDHCYzQkrqYRCon0svkTU3imlQAOuNAVKThXf09kKJQyDX3dGSI1ksveTPzPcxM1uPIyGsWJIhFeLBokDCoOZ4nAgAqCFUs1QVhQfSvEIyQQVjq3og7BWX55lbSqFceuOHe1cv06j6MASuAUnAMHXII6uAUN0AQYPIJn8ArejCfjxXg3Phata0Y+cwL+wPj8AUgElpU=</latexit>

r(x, y) = 100 ⇤ (y � x2)2 + (1� x)2

f(x, y) =

⇢
-1 if r(x, y) < T
1 otherwise

<latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit><latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit><latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit><latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit>

Rosenbrock:



 2010%noise
<latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit>

5%noise
<latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit>

[x, y, x2, . . . , xy7, y8]
<latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit>

5%noise
<latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit>

10%noise
<latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit>



 2110%noise
<latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit>

5%noise
<latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit>

[x, y, x2, . . . , xy7, y8]
<latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit>

5%noise
<latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit>

10%noise
<latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit>
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Increasing the dimension further

Can we increase the dimension massively:  
• in a principled way,  
• while keeping the computational burden down? 

—>  Non-linear support vector machines using 
the kernel trick. 
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Support Vector Machines
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Margin

• The larger the margin, the better! 
• The logistic regression does not guarantee 

a large one. 
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Logistic Regression Revisited

• The LR decision boundary can come close to some of 
the training examples.  

• This should be prevented if possible. 

Logistic regression Linear SVM
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Distance to the Decision 
Boundary

� w0
kwk

<latexit sha1_base64="QrJFEiqsCdQxZ4sRNUTFJJUL0wk="></latexit><latexit sha1_base64="QrJFEiqsCdQxZ4sRNUTFJJUL0wk="></latexit><latexit sha1_base64="QrJFEiqsCdQxZ4sRNUTFJJUL0wk="></latexit><latexit sha1_base64="QrJFEiqsCdQxZ4sRNUTFJJUL0wk="></latexit>

y(x)
kwk

<latexit sha1_base64="KG9PConuUudtVxU+TJykjGe44VM="></latexit><latexit sha1_base64="KG9PConuUudtVxU+TJykjGe44VM="></latexit><latexit sha1_base64="KG9PConuUudtVxU+TJykjGe44VM="></latexit><latexit sha1_base64="KG9PConuUudtVxU+TJykjGe44VM="></latexit>

wTx

kwk
<latexit sha1_base64="RRwoiTKMjGdqscQkWhJxGrXzsrA="></latexit><latexit sha1_base64="RRwoiTKMjGdqscQkWhJxGrXzsrA="></latexit><latexit sha1_base64="RRwoiTKMjGdqscQkWhJxGrXzsrA="></latexit><latexit sha1_base64="RRwoiTKMjGdqscQkWhJxGrXzsrA="></latexit>

y(x) = wTx+ w0

y(x)

kwk =
wTx

kwk +
w0

kwk
<latexit sha1_base64="KYgw32Pos1dFqiLziWku7emSwIc="></latexit><latexit sha1_base64="KYgw32Pos1dFqiLziWku7emSwIc="></latexit><latexit sha1_base64="KYgw32Pos1dFqiLziWku7emSwIc="></latexit><latexit sha1_base64="KYgw32Pos1dFqiLziWku7emSwIc="></latexit>

<— Signed distance to the decision boundary.
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Distance to the Decision Surface

<— Signed distance to the decision surface.

y(x) = wT�(x) + b

y(x)

kwk =
wT�(x)

kwk +
b

kwk
<latexit sha1_base64="5P8YObx5EVwwzbgLYHOW2Cs44WA="></latexit><latexit sha1_base64="5P8YObx5EVwwzbgLYHOW2Cs44WA="></latexit><latexit sha1_base64="5P8YObx5EVwwzbgLYHOW2Cs44WA="></latexit><latexit sha1_base64="5P8YObx5EVwwzbgLYHOW2Cs44WA="></latexit>

When mapping in a high dimension space, we replace x by f(x). 
Therefore we can write:
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Maximizing the Margin

Therefore the max margin solution is found by solving

argmax
w,b

⇢
1

kwk min
n

[tn(w
T�(xn) + b)]

�
.

<latexit sha1_base64="7KHvH9bGRMU/6z8jYUYJiyU19Yg="></latexit><latexit sha1_base64="7KHvH9bGRMU/6z8jYUYJiyU19Yg="></latexit><latexit sha1_base64="7KHvH9bGRMU/6z8jYUYJiyU19Yg="></latexit><latexit sha1_base64="7KHvH9bGRMU/6z8jYUYJiyU19Yg="></latexit>

Assuming that the training data is linearly separable using a linear model of
the form

y(x) = wT�(x) + b ,

then

tny(xn)

kwk = � tn(wT�(xn) + b)

kwk is the distance to the decision surface.
<latexit sha1_base64="pX3s41lCxh5qyDtX1vVnELEKjSI="></latexit><latexit sha1_base64="pX3s41lCxh5qyDtX1vVnELEKjSI="></latexit><latexit sha1_base64="pX3s41lCxh5qyDtX1vVnELEKjSI="></latexit><latexit sha1_base64="pX3s41lCxh5qyDtX1vVnELEKjSI="></latexit>
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Logistic Regression Revisited

If f is taken to be the identity, the result is a linear 
SVM that generally does slightly better than then the 
logistic regression. 

Logistic regression Linear SVM
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From Perceptron to Linear SVM

Perceptron Linear SVM
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Maximizing the Margin
w and b can always be rescaled so that for the point closest to the decision
surface

tn(w
T�(xn) + b) = 1 ,

and for all others
tn(w

T�(xn) + b) � 1 .
<latexit sha1_base64="2UcdCTJi45pC5s8xDozD6nPl7ms="></latexit><latexit sha1_base64="2UcdCTJi45pC5s8xDozD6nPl7ms="></latexit><latexit sha1_base64="2UcdCTJi45pC5s8xDozD6nPl7ms="></latexit><latexit sha1_base64="2UcdCTJi45pC5s8xDozD6nPl7ms="></latexit>

1

1

• The points that minimize the distance are 
known as support vectors.  

• There are always at least two of them. 
• The margin is tn yn / ||w|| = 1 / ||w|| 
• Maximizing the margin reduces to 

minimizing     
1
2kwk2

<latexit sha1_base64="rmC2IAOiz8/YEM7HP7tWESZ9spc="></latexit><latexit sha1_base64="rmC2IAOiz8/YEM7HP7tWESZ9spc="></latexit><latexit sha1_base64="rmC2IAOiz8/YEM7HP7tWESZ9spc="></latexit><latexit sha1_base64="rmC2IAOiz8/YEM7HP7tWESZ9spc="></latexit>

under the above constraints. 

—> Quadratic programming problem with D variables. 
—> Complexity in O(D3).



 32

Introducing Constraints

argminw,b
1
2kwk2 + C

PN
n=1 max(0, 1� tn(wT�(xn) + b))

<latexit sha1_base64="gWZm3FNJdnbloheDMIaUS9URmaQ="></latexit><latexit sha1_base64="gWZm3FNJdnbloheDMIaUS9URmaQ="></latexit><latexit sha1_base64="gWZm3FNJdnbloheDMIaUS9URmaQ="></latexit><latexit sha1_base64="gWZm3FNJdnbloheDMIaUS9URmaQ="></latexit>

argminw,b
1
2kwk2 subject to 8n, tn(wT�(xn) + b) � 1

<latexit sha1_base64="2oRgFQL2F28NZelOuQ377d3I4xc="></latexit><latexit sha1_base64="2oRgFQL2F28NZelOuQ377d3I4xc="></latexit><latexit sha1_base64="2oRgFQL2F28NZelOuQ377d3I4xc="></latexit><latexit sha1_base64="2oRgFQL2F28NZelOuQ377d3I4xc="></latexit>

Constrained optimization:

Unconstrained optimization:



 33https://towardsdatascience.com/support-vector-machine-vs-logistic-regression-94cc2975433f

Hinge loss: argmin
w,b

1

2
kwk2 + C

NX

n=1

max(0, 1� tn(w
T�(xn) + b)) ,

Logistic loss: argmin
w,b

1

2
kwk2 + C

NX

n=1

log(1 + exp(1� tn(w
T�(xn) + b))) .

<latexit sha1_base64="nnMl2lb9TZwEcNT2f+4B6jJtozs="></latexit><latexit sha1_base64="nnMl2lb9TZwEcNT2f+4B6jJtozs="></latexit><latexit sha1_base64="nnMl2lb9TZwEcNT2f+4B6jJtozs="></latexit><latexit sha1_base64="nnMl2lb9TZwEcNT2f+4B6jJtozs="></latexit>

Hinge Loss vs Logistic Loss
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Back to Constrained Minimization

L(w, b, a) =
1

2
kwk2 �

NX

n=1

an
�
tn(w

T�(xn) + b)� 1
 

is known as the Lagrangian and the an as the Lagrange multipliers.
<latexit sha1_base64="KlVSWc6zE06HcpH0PsMaV/k+nVE="></latexit><latexit sha1_base64="KlVSWc6zE06HcpH0PsMaV/k+nVE="></latexit><latexit sha1_base64="KlVSWc6zE06HcpH0PsMaV/k+nVE="></latexit><latexit sha1_base64="KlVSWc6zE06HcpH0PsMaV/k+nVE="></latexit>

Definition:

Theorem:
A solution of the constrained minimization problem must be such that L is
minimized with respect to the components of vector w and maximized with
respect to the Lagrange multipliers, which must remain greater or equal to
zero.

<latexit sha1_base64="7cY5GTCQ/9wRuevLDYk+fSbYudU="></latexit><latexit sha1_base64="7cY5GTCQ/9wRuevLDYk+fSbYudU="></latexit><latexit sha1_base64="7cY5GTCQ/9wRuevLDYk+fSbYudU="></latexit><latexit sha1_base64="7cY5GTCQ/9wRuevLDYk+fSbYudU="></latexit>
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Back to Constrained Minimization

L(w, b, a) =
1

2
kwk2 �

NX

n=1

an
�
tn(w

T�(xn) + b)� 1
 

is known as the Lagrangian and the an as the Lagrange multipliers.
<latexit sha1_base64="KlVSWc6zE06HcpH0PsMaV/k+nVE="></latexit><latexit sha1_base64="KlVSWc6zE06HcpH0PsMaV/k+nVE="></latexit><latexit sha1_base64="KlVSWc6zE06HcpH0PsMaV/k+nVE="></latexit><latexit sha1_base64="KlVSWc6zE06HcpH0PsMaV/k+nVE="></latexit>

Definition:

Setting the derivatives of L(w, b, a) to zero with respects to the elements of w
and b yieds

w =
NX

n=1

antn�(xn) ,

0 =
NX

n=1

antn .
<latexit sha1_base64="0prlqapwHWplsrUTLFM+WkvVofM="></latexit><latexit sha1_base64="0prlqapwHWplsrUTLFM+WkvVofM="></latexit><latexit sha1_base64="0prlqapwHWplsrUTLFM+WkvVofM="></latexit><latexit sha1_base64="0prlqapwHWplsrUTLFM+WkvVofM="></latexit>
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Dual Problem
At the optimum, we have

L̃(a) = L(w, b, a) =
NX

n=1

an � 1

2

NX

n=1

NX

m=1

anamtntmk(xn,xm)

subject to

an � 0 8n ,
NX

n=1

antn = 0

and with

k(x,x0) = �(x)T�(x0) .
<latexit sha1_base64="ObtRIbymfFJRsYbzGRl8yadhp34="></latexit><latexit sha1_base64="ObtRIbymfFJRsYbzGRl8yadhp34="></latexit><latexit sha1_base64="ObtRIbymfFJRsYbzGRl8yadhp34="></latexit><latexit sha1_base64="ObtRIbymfFJRsYbzGRl8yadhp34="></latexit>

—> Quadratic programming problem with N variables. 
—> Complexity in O(N3) instead of O(D3). 



w =
NX

n=1

antn�(xn) .

y(x) = wT�(x) + b ,

=
NX

n=1

antnk(x,xn) + b ,

with k(x,x0) = �(x)T�(x0) .
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w =
NX

n=1

antn�(xn) .

y(x) = wT�(x) + b ,

=
NX

n=1

antnk(x,xn) + b ,

with k(x,x0) = �(x)T�(x0) .
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Support Vectors

• Only for a subset of the data points is an is non zero.  
• The corresponding xn are the support vectors and satisfy tny(xn)=1.  
• They are the only ones that need to be considered as test time. 

—> That is what makes SVMs practical!

w =
NX

n=1

antn�(xn) .

y(x) = wT�(x) + b ,

=
NX

n=1

antnk(x,xn) + b ,

with k(x,x0) = �(x)T�(x0) .
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Kernel Functions

• The feature vector f(x) does not appear explicitly anymore.  
• The kernel function k(.) can be understood as a similarity measure. 

y(x) =
NX

n=1

antnk(x,xn) + b ,

k(x,x0) = �(x)T�(x0) .
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Role of the Kernel

Polynomial kernels: From small to high dimension. 
Gaussian   kernels: From small to infinite dimension.
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Influence of the Kernel

y(x) =
NX

n=1

antnk(x,xn) + b ,

k(x,x0) = 1 + (xTx0)d (Polynomial terms up to degree d).

k(x,x0) = exp(�kx� x0k2

�2
) (Gaussian, feature space of infinite dimension).
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[x, y, x2, . . . , xy7, y8]
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Rbf, s = 1.0 Rbf, s = 0.01

Rbf, s =10.0 
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Non-Separable Distributions

Cannot easily satisfy the hard constraints!

AGAIN
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Optimal vs Best
• The points can be linearly separated 

but the margin is still very small. 

• At test time the two green circles 
will be misclassified. 

• The margin is much larger but one 
training example is misclassified. 

• At test time the two green circles 
will be classified correctly. 

—> Tradeoff between the number of mistakes 
on the training data and the margin.   



tny(xn) � 1� ⇠n
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Slack Variables

tny(xn) � 1� ⇠n
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Controls the balance between large 
margin and training misclassification 
rate.  

argmin
w,b,⇠

1

2
kwk2 + C

NX

n=1

⇠n

subject to

8n, ⇠n � 0

8n, tn(wT�(xn) + b) � 1� ⇠n
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Lagrangian

Minimize

L̃(a) = L(w, b, a) =
NX

n=1

an � 1

2

NX

n=1

NX

m=1

anamtntmk(xn,xm) ,

subject to

0  an  C , 8n ,
NX

n=1

antn = 0 .
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y(x) =
X

m2S
amtmk(x,xm) + b
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an > 0: xn is a support vector.  
• an < C: xn lies on the margin. 
• an = C: xn lies inside the margin. 
• an  > C: xn is correctly classified.

Minimize

L̃(a) = L(w, b, a) =
NX

n=1

an � 1

2

NX

n=1

NX

m=1

anamtntmk(xn,xm) ,

subject to

0  an  C , 8n ,
NX

n=1

antn = 0 .
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Interpretation
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Impact of the C constant

argmin
w,b

1

2
kwk2 + C

NX

n=1

⇠n

subject to

8n, ⇠n � 0

8n, tn(wT�(xn) + b) � 1� ⇠n
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Rbf, s = 1.0, C=1.0 

Rbf, s = 1.0, C= 100.0 Rbf, s = 1.0, C= 0.1
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Rbf, s = 1.0, C = 1.0

Rbf, s = 0.1, C = 1.0 Rbf, s = 0.05, C = 1.0
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Non-Separable Distributions

The slack variables allow some training points to be misclassified. 

• A large s sigma tends to smooth the decision boundary. 
• A large C tends to minimize the number of misclassified training points.  

             —> Validation data is required to choose them properly. 
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People Detection
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Training Data
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Histogram of Oriented Gradients
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Algorithm
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Recognizing Hand-Written Digits

Test sample Nearest neighbors
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k-Nearest Neighbors vs SVM on MNIST

• Better accuracy. 
• But the kernel and its parameters must be well 

chosen. 

Knn: 96.8% Rbf-SVM: 98.6%
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SVMs in Short

• The data can be separable in a high-
dimensional feature space without being 
separable in the input space. 

• Classifiers can be learned in the feature space 
without having to actually perform the 
mapping. 

• However the O(N3) complexity at training time 
makes it hard to exploit large training sets.  
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Active Learning

• Train using a relatively small of the training set.  
• Progressively add new samples and retrain.  
• The simplest strategy is to add training 

samples that are close to the decision 
boundary to progressively refine its shape. 
  

—> One approach among others to tackling the 
computational complexity issue. 


