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206 4. LINEAR MODELS FOR CLASSIFICATION

For a data set {én,t'}' where t' € {0'1} and Ôn : d(x')' with tz :

1, . . . , N, the likelihàoJ function can be written

N

p(tlw) :!^rf {r - a'}'-" (4'8e)

where t : (tr, "',tru)t and y, : p\ClÔ')' As usual' we can define an error

funcrion by taking rhe negative l"g"ti;h;;?iÉe likelihood' which gives the cruss-

entroPY error function in the form

N

E(*): -lnp(tlw) : -t {tnrnvn+(1-t*)1n(1 -v")} (4'90)

where 9," : o(a.) and an : *;;Taking the gradient of the eror function with

Erercise tl .I3 respect to w, we obtain

4.3. Probabilistic Discriminative Models 2Oz

4.3.3 lterative reweighted least squares
In the case of the linear regression models discussed in chapter 3, the maxi-

mum likelihood solution, on the assumption of a Gaussian noise model, leads to a
closed-form solution. This was a consequence of the quadratic dependence of the
log likelihood function on the parameter vector w. For logistic regression,r there
is no longer a closed-form solution, due to the nonlinearity ôf the logistic sigmoid
function. However, the departure from a quadratic form is not substantial. To be
precise, the error function is concave, as we shall see shortly, and hence has a unique
minimum. Furthermore, the error function can be minimized by an eftcient iterative
technique based on |he Newtort-Raphsoniterative optimization scheme, which uses a
local quadratic approximation to the log likelihood function. The Newton-Raphson
update, for minimizing a function E(*), takes the form (Fletch er, l9g1;Bishop and
Nabney,2008)

*(re,v) - *(ord) _ H-1VE('). @.g2)
where H is the Hessian matrix whose elements comprise the second derivatives of
E(w) with respect to the components of w.

Let us first of all apply the Newton,Raphson method to the linear regression
model (3.3) with the sum-of-squares euor function(3.12). The gradient and Hessian
of this eror function are given by

.^/

va(w) !{*td, - t.)ô.: iDriDw _ ort @.g3)

N

VE(w) :\{u. - t.)Ô* 14.91)

n:1

wherewehavemadeuseof(4'88)'Y"'?:thatthefactorinvolvingthederivative(
of the logisti" ,ig-oiiï:u, .àn""tLO, teading-io a simplified form for the gradient

of the log likelihood. d;;rr;;i, ii," 
"on,.iUurion 

toifre gradient from data point

n is given by the 'errol" !n - tn belween theîrger value ind the prediction of the

moaét, times rhe basis finction vector @,. Furthelmore. comparison with t3'13) t

shows that this takes #;i;;i-y ,h" ,uln" t**-^ the gradient of the sum-of-squares

error function for the lin"u' 
'"g'"'siorr-model',. , / 

^ 
i \ +^ -i.,o o cenrrr

If desired, we could make use of the result (4'91) to give a sequen'ii1 "tC:'1lT
in which patterns are presented one at a time' inwhich each of the weight vectors ls 

I

il;;;; riJù Q.22)in *t''"t' VE' is the rzth term in (4'91)'

It is worth notlng that maximum likelihoàJ can exhibit:::: over-fitting for

datasetsthatarelinearlyseparable.Thisarisesbecausethemaximumlikelihoodso-
lution occurs when the hyperplane "o""'pon"ài;-;; 

:0'5' equivalent to wr45 :

0, separates the two "ù"'"i "io 
trre magnitui;;i; goes to inhnity' In this case' the

logistic sigmoid f"t"*ï;;"^;*;i"n"1111-tt"ep in-feature space"conesponding to

a Heaviside srep f-unction, so rhar 
"u"ry_,ru#n'fio-i* 

r--. eàch.class k is assigned

a posrerior probabitity"iï'c;i;i-: t. 
'purtr'erfràr". th.re is typicallv a continuum

ol such solutions o"t;-'Jï;i"pu*ilng hyperplane will give'rise to the same pos-

terior probabilities atîî-e-,;;i;*Ë Autu pïin,!. u! *itt O" sËen later in Figure l0 l3'

Maximum likelihood provides no way.to.rauourl on" such solution over another' irnd

which solution is found in pracrice wiil aepJ; à"1tr" choice of optimization algo-

rithm and on rhe p";;;;i i;itiatization. i"Ëî", the problem *i11 arise even if

the number of data points is large compateà ;th;h" no*b"' of parameters in the

model, so long as the rraining data ser.is l;;;Ç:"p"table. The sinuularity can be

avoided by inclusion of a prior and finding 
" 

ùÀp solution for w' or Jquivalently bY

il;;;;gularization teim to the enor function'

N:I

t/

Se ctiort 3.I .l

Eletcise 1.lzl

li:'r'tiort -J. l. l

H: VVE(w) \O"Oi: iDriD @.s4)
n:l

where iD is the N x Ârl design matrix, whose ntL row is given uv ôT,. The Newton-
Raphson update then takes the form

*(nerv) *(ord) _ (OrO;-r {Ot6*t"ro; _ O"t}
: (ipro;-t*rt G.g5)

which we recognize as the standard least-squares solution. Note that the error func,
tion in this case is quadlatic and hence the Newton-Raphson formula gives the exact
solution in one step.

Now let us apply the Newton-Raphson update to the cross-entropy error function
(4.90) for the logistic regression model. From (4.91) we see thatihe gradient and
Hessian of this eror function are given by

.^/

VE(w) D,fu" - t.)ô.: or(y - t) (4.s6)
n-I

H vvz(w) : Ë u.(r - y.)ô. ôT: orRo (4.ej)
n-I
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wherewehavemadeuseof(4.88).Also,wehaveintroducedtheNxl/diagonal
matrix R with elements

Rnn: a,(7 - Y,)' (4'98)

WeseethattheHessianisnolongerconstantbutdependsonwthroughtheweight-
ing matrix R, corespon;G;À? tu:,^,h.1the enoifunction is no longer quadratic'

using rhe properry u a:r"21, wtrich fo|gws from the form of the logistic sigmoid

function, we see that urËu t b to, an arbitrary vector u., and so the Hessian matrix

Hispositivedefinite'Itfollowsthattheemorfunctionisaconcavefunctionofw
E.t;ercise 4.15 andhencehas aunique minimum'

TheNewton-napnsonupdateformulaforthelogisticregressionmodelthenbe-
comes

*(new) : 
Ë'i:Ë:i:i.rj:'-jL't' 

-'rt
(4.ee)

where Z is an l/-dimensional vector with elements

z - Ow(ord) - R-1(y - t). (4.100)

Weseethattheupdateformula(4.99)takestheformofasetofnormalequationsfora
weighted l"urt-rqou.",;;;tË' B"cause the weighing matrix R is not constant but

depends on the puru*"i"' vector w, we must apply thà normal equations iteratively'

each time using the new weight vector w to^Àmpute a revised.weighing matrix

R. For this reason, tire algoriinm is known as iterative reweighted least squares, or

/RLS (Rubin, 1gg3). À' ii ,t 
" 

weighted least-squares problem, the elements of the

diagonal weighting matrix R can bi interpreted'as variances because the mean and

uu.iun"" of r In the logistic regression model are given by

Ettl : o(x) :Y ^ 
4'101)

var[t] : nir'l -E[tl2:o(x)-o(x)2:aG-ù @'t02)

wherewehaveusedthepropertyt2:tforte{0'1}'Infact'y::uninterpretIRLS
as the solution to a linearized problem in ttt" sàac" of the variable o : 1^'T4' The

quantity zn, which""i"tî"^Ai^to tt'" 
"tn.element 

of z' canthen be given a simple

interpretation as an ,n""tiu" target value ilritti, space obtained by making i t^".:l

linear approri*ution to ine logiitic sigmoid function around the current operatrng

point w(old)

,t

a,(w) Clgn lwr"r.r)

: @lw('rar - 9:=!\: ,,. (4'103)
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4.3.4 Multiclass logistic regression
In our discussion of generative models for multiclass classification, we have

seen that for a large class of distributions, the posterior probabilities are given by a
softmax transformation of linear functions of the feature variables, so that

p(cnlô) : yn(ô): #1** 'G.roo)

where the 'activations' crk are given by

(4.10s)

There we used maximum likelihood to determine separately the class-conditional
densities and the class priors and then found the coresponding posterior probabilities
using Bayes' theorem, thereby implicitly determining the parameters {w6}. Here we
consider the use of maximum likelihood to determine the parameters {w6} of this
model directly. To do this, we will require the derivatives of gra with respect to all of
the activations a3. These are given by

* : ar,(rxi - y) (4.106)
CtCt.j

where Ipi are the elements of the identity matrix.
Next we write down the likelihood function. This is most easily done using

the 1-of-1{ coding scheme in which the target vector tn for a feature vector Qn
belonging to class Cp is a binary vector with all elements zero except for element k,
which equals one. The likelihood function is then given by

Sectiort 4.2

on: *Tô.

::,l,tr:t't'i.çe 1.l7

Exerci,st' I. I IJ

p(Tl*',...,wr) : ll ll p(cnlô)'^o :
NK

n:t l<:7

NI<

lllla';,:
n:\ k:1

(4.107)

where ynp : A*(ô*), and T is an ly' x 1( matrix of target variables with elements
tnp. Taking the negative logarithm then gives

NK
E(*r,...,wr<) : -lnp(Tlw1,...,wr<) : -tt tn1,lnyn1" (4.108)

n:1 À:1

which is known as the cross- entropy eror function for the multiclass classification
problem.

We now take the gradient of the enor function with respect to one of the para-
meter vectors wr. Making use of the result (4.106) for the derivatives of the softmax
function, we obtain

.ô/

V*rE(w1,...,wr<) : t (a4 -t.)ôn (4.10e)
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where we have made use of Dntnn: 1' once again' we see the same form arising

for the gruOi"ni u, ."us foun6for the sum-of-squares error function with the linear

modelandthecl.oss-entropyerlorforthelogisticregressionmodel,namelytheprod-
ucr of rhe uior'(ù., - t*i\ times the basiifunction @'. Again, Y::"11iTltÏ
to formulate " 

,ùrÉ",i"r'Ïigorithm in which patterns are presented one at a tlme, 1n

whicheachoftheweightVectol.sisupdatedusing-(3.22).^
we have seen that the derivative of tt't" tog likelihood function for a linear regres-

sion model with respect to the parameter veJtor w for a data point ru took,l: fu-
of the 'errot':-^ -i.times tË feature vector @"' Similarly' for the combination

of logistic ,igiliia àËriu",.ll funcrion and cross-enrropy error function (4'90), and

for the softmax activation function with the multiclass cross-entropy efror function

(4.10g), we again obtain rhis same ,1*fr" form. This is an example of a more general

result, as we shall see in Section 4'3'6'

Toflndabatchalgorithm,weagainappealtotheNewton-Raphsonupdateto
obtain tfr" "*roponàiig 

rnr-S algori1tm toi ttt" multiclass problem' This requires

evaluation of thJ Hessian matrix thut 
"omprises 

blocks of size atl x x'I in which

block j, ,k is given bY

Figure 4.13 Schematic example of a probability density p(d) 
,

shown by the blue curve, given in this example by a mixture I

of two Gaussians, along with its cumulative distribution function
/(a), shown by the red curve. Note that the value of the blue 0.8
curve at any point, such as that indicated by the vertical green
line, corresponds to the slope of the red curve at the same point. 6 6
Conversely, the value of the red curve at this point corresponds "'"
to the area under the blue curve indicated by the shaded green
region. ln the stochastic threshold model, the class label takes 0.4

the value I : 1 if thevalue of a : wT ôexceeds athreshold, oth-
erwise it takes the value t : 0. This is equivalent to an activation 6.2
function given by the cumulative distribution function /(a).

0
0 2 3 4

E.rcrt:i.se'1.20

l/

v*av-jE(w1,.'.,wr<) : lu.r(toi - y')Ô.ÔT,' (4'110)

n:I

As with the two-class problem, the Hessian matrix for the multiclass logistic regres-

sionnodelispositivedefiniteandsotheerrorfunctionagainhasauniqueminimum.
practical details of IRLS for the multiclass case can be found in Bishop and Nabney

(2008).

4.3.5 Probitregression
We have seen that, for a broad range of class-conditional distribrrtions, described

bytheexponentialfamily,theresulting.posteriorclassprobabilitiesaregivenbya
logistic (or softmax) transformation o.ling on a linear function of the feature vari-

ables. However, not uri ,rroi""r of class-coiditional density give rise to such a simple

form for the posterior iroUurrli,i"t (for instance, if the class-conditional densities are

modelled using Gaussian mixtures). This suggests that it might be worth exploring

other types of oiscriminative probabilistic moàel. For the purposes of this chaptel''

however, we shall retur.n to the two-class case, and again remain within the frame-

work of generalized linear models so that

p(t:Ila): T@) (4'111)

where o - wT Ô,and /(') is the activation function'

One way to motivâà'an alternative choice for the link function is to consider a

noisy threshofO *oO"f, u' i"fi"t"'' For each'nput é'' we evaluate a'' : wT Q" and

thenwe set the target value according to

If the value of d is drawn from a probability density p(0), then the corresponding
activation function will be given by the cumulative distribution function

l"* (4.rr3)rQ,) - p(0) d0

as illustrated in Figure 4.13.
As a specific example, suppose that the density p(0) is given by a zero mean,

unit variance Gaussian. The corresponding cumulative distribution function is given
by

î"
ô(c,) : I Nrc1o,t;ae @]14)

Jæ)

which is known as the probil function. It has a sigmoidal shape and is compared
with the logistic sigmoid function in Figure 4.9. Note that the use of a more gen-
eral Gaussian distribution does not change the model because this is equivalent to
a re-scaling of the linear coefficients w. Many numerical packages provide for the
evaluation of a closely related function defined by

u
2

"'/n
exp(-02 lz) d0 (4.1 1s)

and known as lhe erf function or error function (not to be confused with the eror
function of a machine learning model). It is related to the probit function by

iD(o) :1{,* 1"''rror}. (4.n6)2L r/2 ")
The generalized linear model based on a probit activation function is known as probit
regression.

We can determine the parameters of this model using maximum likelihood, by a
straightforward extension of the ideas discussed earlier. In practice, the results found
using probit regression tend to be similar to those of logistic regression. We shall,

t,
a

erf )

E.re*'i',e ./^2 l

tn:I iÎ an)-0
t,, : 0 otherwise{

g1t2)
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however, find another use for the probit model when we discuss Bayesian treatments

of logistic regression in Section 4'5'

oneissuethatcanoccurinpracticalapplicationsisthatofoutliers,whichcan
ariseforinstancethrougherrorsin*"u,u'.ingtheinputVectorxorthroughmisla-
belling of the target value f . g".uosg ru"h poiits can iie a long way to the wrong side

oftheidealdecisionboundary,theycanseriouslydistorttheclassifier.Notethatthe
logisric uno p.ôii r"gression models behave diiferently in this respect because the

tails of the logirti" sifmoid decay asymproric-ally like,exP"(.-r) for r. - co. whereas

for the prouiiactivation function tn"y Ji"uy liké exp(-rz7, and so the probit model

can be significantly more sensitive to outliers'

no*"u"r, uàit ine loglstic andlne probit models assume the data is correctly

labelled. The effect of mislabelling ir 
"uiity 

incorporatedinto a probabilistic model

by introducing a probability e that.th" tu.g"t valuè t has been flipped to the wrong

value (Opper-inà'Wi.ttn"r, iOgOu;, t"uOingio atatgetvalue distribution for data point

x of the form

p(tlx) : (1- e)o(x) + e(1 - o(x))

: et(1-2e)o(x) @'Il1)
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Thus 3r and 4 must related, and we denote this relation through n : tb(A).
Following Nelder and Wedderbwn(1972), we define a generalizecl linear model

to be one for which gr is a nonlinear function of a linear combination of the input (or
feature) variables so that

a : f (wr ô) (4.120)

where /(.) is known asthe activarionfunctionin the machine learning literatui'e, and

/-t (.) is known as the linkfunction in statistics.
Now consider the log likelihood function for this model, which, as a function of

4, is given by

I

1

,

I

1

ri

li

'r.

lnp(t 4, s) :

where we are assuming that all observations share a common scale parameter (which
corresponds to the noise variance for a Gaussian distribution for instance) and so s

is independent of n. The derivative of the log likelihood with respect to the model
parameters w is then given by

N

V*rnp(tl4 s) : >{*rns(n,,'+}**r",
N1

: f I {t, - u.} |t'(a.)f '(o.)ô* (4.122)?""
where a, : wT ôn, and we have used y- : f (an) together with the result (4.1 19)

for trftla]. We now see that there is a considerable simplification if we choose a

particular form for the link function f -t (A) given by

f-'(ù: rh(ù (4.t23)

whichgives J(r/,(ù): y andhence f'(tl,')rb'(A):1. Also, because o: f '(tl),
we have a : ,! and hence T'@)rlt'(a): 1. In this case, the gradient of the enor
function reduces to

^/f

VInE(w) :;Dt "-t.)ô*. 9.124)
n-I

For the Gaussian s : l3-1 , whereas for the logistic model s : 1.

4.4. The Laplace Approximation

In Section 4.5 we shall discuss the Bayesian treatment of logistic regression. As
we shall see, this is more complex than the Bayesian treatment of linear regression
models, discussed in Sections 3.3 and 3.5. In particular, we cannot integrate exactly

l/

rt, s) : I {t" s@*) +,?} t const (4.t2t)
n:l

\tnnQ.
n-7

whereo(x)istheactivationfunctionwithinputvector*'-H:t".e,maybesetin
advance, or it may be treated as a hyperparu*àt", whose value is inferred from the

data.

4.3.6 Canonical link functions

ForthelinearregressionmodelwithaGaussiannoisedistribution,theerror
function, correspondinô,h" n"jutiu" rog rikelihood, is given by (3.12)' If we take

thederivativewithrespecttotheparametefvectorwofthecontributiontotheerror
function from a autu iàint n, this takes the form of the 'error' an - t,. times the

fearure vector 0., *n"i"'ï.": ;+ ô" Similarly, for the combination of the logistie

sigmoid activation function and the cross-entropy effor function (4 90)' and for the

softmax activation tunction with the multiclass 
"iort-"ttttopy 

enor function (4'108)'

we again obtain tt is ,am" simple form. we now show thàt this is a general result

of assuming u conOitionui ài*tiiU.ttion for the target variable from the exponential

family, along with 
" ""r"rpà"iirg 

choice for thJactivation function known as the

c ano nic al link functio n'

Weagainmak"useoftherestrictedform(4.84)ofexponentialfamilydistribu-
tions. Note that here we are applying the assuàption of eiponential family distrib-

ution to the target uuriutt" t, in .tnttutt to Sectùn 4.2.4 wierc we applied it to the

input vector x. We ttr"."ior" 
"onsider 

conditional distributions of the target variable

oftheform I /t\ (nl.l
p(ttn, s): in ( ;) snt""n tT ) (4 r r8)

using the same line of argument as led to the derivation of the result (2'226)' we see

that the conditional rrreuriof f , which we denote by g' is given by

a:trltlnl: -,kins('?)' (4'tte)

l

lr


