
Exercise Three

The following definitions were discussed in Buro’s lecture last week.
Let ω1 =

∑
I αIdω

I be a differential k-form on Rn and ω2 =
∑

J βJdx
J

a differential s-form on Rn, where I ∈ Ik, J ∈ Is are ordered k-tuple
and ordered s-tuple. Then the wedge product of ω1 and ω2 is defined
to be a differential (k + s)-form by

ω1 ∧ ω2 =
∑
I,J

αIβJdx
I ∧ dxJ .

Let f : Rn → Rm be a smooth map. Let ω be a differential k-form
in Rm. Then f induces a differential k-form f ∗ω in Rn, called the pull
back of ω under f , as follows

f ∗ω(p)(v1, · · · , vk) = ω(f(p))(dfp(v1), · · · , dfp(vk)) if k ≥ 1

and

f ∗(ω) = ω ◦ f if k = 0.

Above, dfp : TpRn → Tf(p)Rm is the differential of f at p ∈ Rn.
1. Show that the definition of wedge product as above implies that

if ϕ1, · · · , ϕk are 1-forms on Rn, then the wedge product of ϕ1 ∧ · · ·ϕk

defines a differential k-form on Rn satisfying

ϕ1 ∧ · · · ∧ ϕk(v1, · · · , vk) = det
(
ϕi(vj)

)
i, j = 1, · · · , k.

2. Let f : Rn → Rm be a smooth map. Let ω1 and ω2 be differential
k-forms in Rm and g : Rm → R a 0-form. Show that

• f ∗(ω1 + ω2) = f ∗ω1 + f ∗ω2

• f ∗(gω1) = f ∗(g)f ∗(ω1)
• If θ1, · · · , θk are 1-forms on Rm, then f ∗(θ1 ∧ · · · ∧ θk) = f ∗θ1 ∧
· · · ∧ f ∗θk.

3. Let f : Rn → Rm be a smooth map and g : Rl → Rn a smooth
map. Show that

• f ∗(ω ∧ θ) = f ∗ω ∧ f ∗θ
• (f ◦ g)∗ω = g∗

(
f ∗(ω)

)
.

4. Show that the exterior derivative has the following basic proper-
ties:

• d(ω1 + ω2) = dω1 + dω2 whenever ω1, ω2 are two forms on Rn

• If ω is a k-form on Rn, then d(ω ∧ θ) = dω ∧ θ + (−1)kω ∧ dθ
• If f : Rn → Rm is smooth and ω is a k-form on Rm, then
d(f ∗ω) = f ∗(dω).
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5. Consider the winding form

ω =
−y

x2 + y2
dx+

x

x2 + y2
dy

defined on U = R2\{0}. Show that ω is a closed form on U . Recall
that we know from Exercise Two 4 that it is not exact.


