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Geometrie, MATH-125

Série 6 Sol

Exercice 1. Soit G = Gp un groupe cristallographique et G* son sous-groupe des
rotations et T, = T'(I') € G son reseau des translations. On note Gy 'image de G
par le morphisme partie lineaire et G celle de GT. On suppose que G # G et on
note s un element de G — G (si il existe). On note sy sa partie lineaire.

1.

G* = ker(det), therefore G is a normal subgroup of G. Here det is the deter-
minant morphism, sending elements of G to {£1}.

To show T¢ is normal in G, we note that T = ker(lin), where lin is the “linear
part” morphism from G to Gy.

If there is no s € G — G*, then G = G and G/G* is order 1. Otherwise, given
any s € G— G, wehave G =G Us-GT =GTUG" - s, and G/GT is of order
2.

We recall that |Gg| = 1,2,3,4,6. In particular, |GT/Tg| = |G| < 6, since
GT/Tg ~ G7. Recall also |G/GT| < 2. Then |G/Tg| = |G/GT||GT/Ta| <
2-6=12.

G =GTUsGT and Gy = G§ U sG{. Since |Gd| = 1,2,3,4,6, |G| = 2|G§| =
2,4,6,8,12. Let G¢ = (r), where r is a rotation. Then Gy = (sg,r) is a Dihedral
group.

We write s = t5089, where § € T'. Then s? = tsosg0ts0s0 = tsots = tsrs € T(T).
Here in the second equality we used the fact that Tz is normal in G.

We recall from the first semester (Corollary 3.1) that we can write s = ¢, o &’
with s? = t,. From the calculation in Part 5, this implies that 2y =§+ 4§’ € T
Hence v = 6+T6/ € %F.

Let t, € T(I') be a translation. Then one can check that sy oty 0590 = t5(y)-
Since ¢(I') is a normal subgroup of G, this implies ¢,,,) € T(I') and hence
so(y) € I'. This proves the inclusion so(I') C I'. On the other hand, for any
v € T, we can write 7 = so(so(7y)) = soy for some +' € I' by what we just
proved (that so(I') C I'). This implies the other inclusion I' C so(I"), so that we
have so(I") =T

We know s¢(I') = I'. Then so(Z.14+Zv1) = so(Z.1) + so(Z1) = Z.14Zr,. Since
Sp is an isometry and 1 < ||, we know s¢(Z.1) # Z~;. Then so(Z.1) = Z.1. By
the property that 1 is of minimal length, sq(1) = £1.



9. Since so(1) = —1, s is a symmetry whose line of symmetry is the imaginary
axis. Recall so(I') = I" implies so(Z.1) + so(Zv1) = Z.1 + Z~;, which implies
21+ Zy =Z.(—1) + Z.(—7) and then Z.2Revy; = Z(y1 + 1) = Z. Therefore
Revy, € %Z.

Exercice 2.

Exercice 3. Soient X un espace affine de dimension d et
Py, PieX

d + 1 points en position generale (tels que (P(;Ph e ,P(;Pd) forment une base de V).

1. Since (Po_Pl, e ,PO_Pd) forms a basis for V, for any P € X, the vector PP
can be uniquely spanned by (FPyP,- -, PyP;). That is, there exists an unique
(A1, Az, ...y Ag) € k9 such that

P(?P - )\1P0_p1 + ...+ AdPO_Pd.
This implies that

P=Py+ PP =P+ MPoP,+ ...+ NPy Py
d
=1 =Y XN)Po+M(Po+ RoPr) + ... + Aa(Po + PoPy)
=1

:>\0P0 + )\1P1 + ...+ )\de7

where Ao := (1= 3% X)), and (Xo, - , Ag) € k%! satisfies Ao + ... + Ag = 1.

2. (a) Assume that n < d = dim; V, then W = <P07t’1,~~~ ,Poan) is a proper
subspace of V', then there exists such a vector PJP €V, but PJP ¢ W ie., there
does not exist (A1, ..., A,) such that PJP =>" \; Py P;. This would imply that
for such a P € X, there does not exist (X, ...\,) € k"™ with " /A =1 such
that P = Bar(Py, -+, Py; Ao, -+, An). This contradicts with the assumption,
Since dim X = dim V' = d, to simplify the proof, we can assume (P;Pl, e Po?d)
forms a basis of V.

(b) Assume that d < n, then it must be the case that (P;Pb . ,Po?d) are li-
nearly dependent. Since otherwise if they are not, then it implies that (PO_Pl, cee PO_Pd)
forms a basis of V and then d = n, contradicting our assumption d < n.
Now since (Po_Pl, S ,PO_Pd) are linearly dependent, there exists a unique tuple
(A1, A2, ...y Ag), not all of them being zero, such that MPOP + ...+ NPy Py = 0.
Assume \; # 0, then by dividing both sides of the equation by \; we have that

— — il — i — — 5 . .
P()Pi = —%P[)Pl — ... — l)\ilpolaifl — l)\tl POPi+1 — i\\—jpopd. This is equlvalent to




the statement that P; can be uniquely represented as P; = (1—1—231 1t f\j )Py —

AP — .. — )‘j\_l pp— o Py — Pd But on the other hand we know that

P R, then P; has two dlfferent representatlons This contradicts the hypothe-
sis that any P € X can be represented uniquely as Bar(Py, -+, Py; Ao, -+, An)-

Since both case (a) and case (b) can not happen, it must be the case that n = d.
By our assumption (PJPb e ,P(;Pd) forms a basis of V, then Py, --- , P; are in
general position.

If (Py), "+, Pr)) is in general position, then (PO_Pl, e ,PO_Pd) forms a basis
of V. For any vector PJP € V, there exists a unique tuple (A1, ..., \q) € k¢ such
that PJP = Zle )\iPOHPZ-. This is equivalent to the statement that P can be
written uniquely as P = Z?:o i P; with Z?:o A; = 1. For any given permutation
o € Sg41, we have P = Z?:o NP = E?:o Ao(i) Pr(i), where Zl 0 Ao(i) = 1. Then
P = Po) = Sig Mot Poti) = Po0) = Lo Aot (Poti) — Poo))- This is Poo) P =
Z?:o Aa(i)Pa(O;Pa(i)a i.e., the vector PJ(_(;)P € V can be written uniquely as
PU(B)P = Z?:o Ag(i)Pa(O;Pa(i). Therefore (Py), - - , Py(q)) is in general position.

Exercice 4. Soit X un espace affine de direction V. Soit Y C X un sous-ensemble.

1.

To show (a) implies (b), let {PPy,---,PP,} be a basis of W. Then for any
w € W, there exists (A, ..., \,) € k" such that w = > A PP,. Then

Y ={P+@, & € W}={P+) MNPP,)\ €k}

=1

={(1=D"XN)P+> NP\ €k}
i=i i=1
={Bar(P,--+ , Py; Ao, ;An), Ai €K, Z)‘i =1}

Assume (b) is true, then we can write

Y :{ixia, A\ €k, i)\i ~1}
=0 =0

={Py+ Y _N(Pi—P), i €k}
=0

=Py +{>_ANPP, \ €k}
=0

=H+ W,

where W = <P0_P1, s ,PO_Pn>.



2. If n > dim; W, then the vectors {P(;Ph . ,PJP,J are linearly dependent
over k, since otherwise they would form a basis of W and then we would
have n = dimy W. Then there exists (A1,...,\,) € k™ — {(0,...,0)} such that

Yoy APy P, = 0. Assume without loss of generality that A\, # 0, then PP, =
St =X pip . This implies that W = (PyPy, -+ , PyPy) = (PoPy, -+ , PyP,_1).

i=1 An

We can continue this process until we arrive at the case that W = <P0_P1, c  PyPy),
where d = dimy .

If Po_Pl, e ,PO_Pn forms a basis of W, then for any P € Y, there exists an
unique (Aq,...,\,) € k™ such that PP = Yoy MNP, P;. This is equivalent to
the uniquely representation of P € Y as the barycentre of (Fy,---,F,) : P =
(1=>" NP+ > NP (B, ..., P,) forms an affine basis of Y.

3. This follows from the equivalent description in Part 1 and Part 2.



