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Reminder: Logistic Regression

s(a)
s(a)

a

y(x; w̃) = σ(w̃ ⋅ x̃)

=
1

1 + exp(−w̃ ⋅ x̃)

—> Convex optimization problem.

Given a training set  minimize





with respect to .

{(xn, tn)1≤n≤N}

E(w̃) = − ∑
n

(tn ln y(xn) + (1 − tn)ln(1 − y(xn))

w̃
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Reminder: Maximizing the Margin

 ,


subject to .


• C is constant that controls how costly constraint violations are.

• The problem is still convex.

w* = min(w,{ξn})
1
2

| |w2 | | + C
N

∑
n=1

ξn

∀n, tn ⋅ (w̃ ⋅ xn) ≥ 1 − ξn and ξn ≥ 0

• How do you minimize a function of several variables?

• Why does it matter that the problem is convex?


—> Let’s talk about that today. 
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Derivative of a 1-Variable Function

• The derivative of a function  of a single variable  is the 
rate at which  changes as  changes.


• It is measured for an infinitesimal change in , starting from a 
point , and written as

y = f(x) x
y x

x
x0

f′￼(x0) =
dy
dx

= lim
Δx→0

f(x0 + Δx) − f(x0)
Δx

y = f (x)

x0

—> The derivative is the slope of the tangent at .x0
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Derivative of a Linear Function

• The tangent to the function is the function itself: The slope is constant.


• For example,  and   .y = 2x − 1
dy
dx

= 2
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Derivative of a Non-Linear Function

• The tangent (in red) to the function varies with  and so does the 
slope.


• For example,  and .

x

y = x2 + 2x + 2
dy
dx

= 2x + 2
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Evolution of the Tangent 

y = x sin(x2) + 1
dy
dx

= sin(x2) + 2x2 cos(x2)

Figure from Wikipedia
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First and Second Derivatives

dy
dx

= sin(x2) + 2x2 cos(x2)

y = x sin(x2) + 1

d2y
dx2

= 6x cos(x2) − 4x3 sin(x2)

 : Minimum
dy
dx

= 0 and 
d2y
dx2

> 0

 : Maximum
dy
dx

= 0 and 
d2y
dx2

< 0

 : Saddle
dy
dx

= 0 and 
d2y
dx2

= 0
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Convex vs Non-Convex

• There is only one minimum.

• The second derivative is >= 0.

• There are several local minima.

• There is one global minimum.

—> Non-convex functions are much more difficult to 
minimize than convex ones.
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Minimizing a Convex Function

df(x*)
dx

= 0

For some simple functions this can be done in closed form, that is, 
by solving an equation. 

The line segment between 
any two points on the 
curve lies above the curve.



11

Minimizing a Simple Convex Function

f(x) = x2 + 2x + 2
df(x)
dx

= 2x + 2

df(x*)
dx

= 0 ⇔ 2x* + 2 = 0
⇔ 2x* = − 2
⇔ x* = − 1
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When the minimum cannot be found in closed-form, we use the 
derivative:

x1 x2

At , the slope is negative. 
Hence, one should move in 
the posi t ive direct ion 
( ) to go towards the 
minimum

x1

Δx > 0

At , the slope is positive. 
Hence, one should move in 
the negative direction 
( ) to go towards the 
minimum

x2

Δx < 0

—> One should move in the direction opposite to the derivative 
for minimization

Minimizing a Generic Convex Function
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Minimizing a Convex Function

•  defines the step size of each iteration.

• In ML, it is often referred to as the learning rate.

η

Simplest algorithm:

1. Initialize  (e.g., randomly)


2. While not converged


2.1. Update 

x0

xk ← xk−1 − η
df(xk−1)

dx



14

Minimizing a Convex Function

x0
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Minimizing a Convex Function

x0 − η
df(x0)

dx

x1
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Minimizing a Convex Function

x1 − η
df(x1)

dx

x2
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Minimizing a Convex Function
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Minimizing a Convex Function
Potential stopping Criteria:

• Change in function value less than threshold: .


• Change in parameter value less than threshold: .

• Maximum number of iterations reached without a guarantee to have 

reached the minimum.

| f(xi−1) − f(xi) | < δ
|xi−1 − xi | < δ
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Influence of the Step Size

η = 10 η = 120

The steps are too large and the 
a lgor i thm s ta r t s jumping 
between these two points.

The steps are of the appropriate 
size for convergence.
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Influence of the Starting Point

x0 = − 50

Converges to the same  place, 
but faster.

x0 = − 12

Converges.
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Global minimum

x0 = 1.5



Local minimum
x0 = − 1.8 


Saddle point
x0 = 1

Minimizing a Non-Convex Function
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Minimizing a Non-Convex Function



Saddle point

η = 0.1, x0 = 1.5

Global minimum

η = 0.01, x0 = 1.5

—> No guarantees when the function is not convex!
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Functions of Multiple Variables

f : RD → R
y = f(x) = f(x1, …, xD)

δy
δxd

= lim
Δx→0

f(…, xd + Δx, …) − f(…, xd, …)
Δx

Multivariate function:

Partial derivative:

Gradient vector:

∇f = [
δf

δx1
, …,

δf
δxD

]
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Quadratic Function

f(x) = x2
1 + x2

2

∂f
∂x1

= 2x1

∂f
∂x2

= 2x2

∇f(x) = [2x1

2x2] ∈ ℝ2

x(1)x(2)

f(x)

The color also represents the value of f (x)
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Sinusoidal Function

∂f
∂x1

= cos(x1)

∂f
∂x2

= − sin(x2)

∇f(x) = [ cos(x1)
−sin(x2)] ∈ ℝ2

x(1)x(2)

f(x)

The color also represents the value of f (x)

f(x) = sin x1 + cos x2
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Gradient in 4 Dimensions

∂f
∂x1

= 2x1x2
2 + x2x3

f(x) = x2
1 x2

2 + x1x2x3 + x3x4 + 2x4 + 1

∂f
∂x2

= 2x2x2
1 + x1x3

∂f
∂x3

= x1x2 + x4

∂f
∂x4

= x3 + 2

∇f(x) =

∂f
∂x1

∂f
∂x2

∂f
∂x3

∂f
∂x4

∈ ℝ4
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Gradient Properties

x1x2

f(x)

• The gradient at a point  indicates the direction of greatest 
increase of the function at .


• Its magnitude is the rate of increase in that direction.

x
x
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Gradient Properties
The gradient vanishes (becomes a zero vector) at the stationary 
points of the function:


• Minima,


• Maxima,


• Saddle points.
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Convex vs Non-Convex

Convex: The line segment 
between any two points on the 
function lies above the function

Non-convex: At least one line 
segment between two points 
lies in part below the function.
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∇f(x*) = 0

• Because the gradient is a vector, this yields a system of 
equations.

• It can still be solved in closed form for some functions.

Minimizing a Convex Function
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Minimizing a Simple Convex Function

∇f(x) = 0 ⇔ {2x1 = 0
2x2 = 0

⇔ x1 = x2 = 0

f(x) = x2
1 + x2

2

∂f
∂x1

= 2x1
∂f

∂x2
= 2x2
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Revisiting  meansK

min
{μk},{rk

i }

N

∑
i=1

K

∑
k=1

rk
i ∥xi − μk∥2

such that rk
i ∈ {0,1}, ∀i, k

K

∑
k=1

rk
i = 1, ∀i

—> We will derive the solution by alternating between the 
two types of variables.
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Revisiting  meansK

min
{rk

i }

N

∑
i=1

K

∑
k=1

rk
i ∥xi − μk∥2

such that rk
i ∈ {0,1}, ∀i, k

K

∑
k=1

rk
i = 1, ∀i

• Because of the constraints, for each sample, only one  can be 1.


• We take it to be the one corresponding to the nearest center:

rk
i

rk
i =

1, if k = argmin
j

∥xi − μj∥2

0, otherwise



• This can be done by zeroing out the gradient for each center:
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Revisiting  meansK
min
{μk}

N

∑
i=1

K

∑
k=1

rk
i ∥xi − μk∥2

∂R
∂μk

= 2
N

∑
i=1

rk
i (xi − μk) = 0

• This yields:

μk =
∑N

i=1 rk
i xi

∑N
i=1 rk

i

• This corresponds to the mean of the samples assigned to cluster .k
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Back to Logistic Regression

E is convex but cannot be minimized in closed form!

• Replace the step function by a smooth function �.

• The prediction becomes y(x;w) = �(w̃ · x̃).

• Given the training set {(xn, tn)1nN} where tn 2 {0, 1}, minimize the
cross-entropy

E(w) = �
X

n

{tn ln yn + (1� tn) ln(1� yn)}

yn = y(xn;w)

with respect to w.
<latexit sha1_base64="QCLVzIhFZF7XSTsYnaWNcs6pfP0="></latexit>

~

~

~

~
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Gradient Descent

•  defines the step size of each iteration.

• In ML, it is often referred to as the learning rate.

η

Simplest algorithm:

1. Initialize  (e.g., randomly)


2. While not converged

2.1. Update 

x0

xk ← xk−1 − η∇f

The gradient replaces the derivative.

x0

x1

x2

x3

x4

x5
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Minimizing a Non-convex Function

∇f(x) = [ cos(x1)
−sin(x2)] ∈ ℝ2

f(x) = sin x1 + cos x2

Stopping criteria:

• Thresholding the change in function value.

• Thresholding the change in parameters, i.e. .∥xk−1 − xk∥ < δ
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Theoretical Justification

Triggs et al., Bundle Adjustment,  2000

First order Taylor expansion:

Steepest gradient descent:

x0

x4

x3

x2

x1
x5

Issues:

• Justification but no guarantee

• How do we choose choose h?

• Many iterations in long and narrow valleys.

xk ← xk−1 − η∇f

f(x + dx) ≈ f(x) + ∇f(x)Tdx
f(x − η∇f(x)) ≈ f(x) − η∥∇f(x)∥2 < f(x)
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Trouble Spots

 (vs 0.1)

Jumps between 2 solutions

η = 2  (vs )x0 = [ 7
6.5] [7

6]
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Learning Rate

x3

rf
<latexit sha1_base64="MDwnJ6xwDDRfB5N96z8as/o4Y+8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSpycxFEiifrXm1t05yCrxClKDAs1+9as3SGgWM2moQK27npuaIEdlOBVsWullmqVIxzhkXUslxkwH+fzeKTmzyoBEibIlDZmrvydyjLWexKHtjNGM9LI3E//zupmJroOcyzQzTNLFoigTxCRk9jwZcMWoERNLkCpubyV0hAqpsRFVbAje8surpHVR99y6d39Za9wUcZThBE7hHDy4ggbcQRN8oCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzB5k1j6o=</latexit><latexit sha1_base64="MDwnJ6xwDDRfB5N96z8as/o4Y+8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSpycxFEiifrXm1t05yCrxClKDAs1+9as3SGgWM2moQK27npuaIEdlOBVsWullmqVIxzhkXUslxkwH+fzeKTmzyoBEibIlDZmrvydyjLWexKHtjNGM9LI3E//zupmJroOcyzQzTNLFoigTxCRk9jwZcMWoERNLkCpubyV0hAqpsRFVbAje8surpHVR99y6d39Za9wUcZThBE7hHDy4ggbcQRN8oCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzB5k1j6o=</latexit><latexit sha1_base64="MDwnJ6xwDDRfB5N96z8as/o4Y+8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSpycxFEiifrXm1t05yCrxClKDAs1+9as3SGgWM2moQK27npuaIEdlOBVsWullmqVIxzhkXUslxkwH+fzeKTmzyoBEibIlDZmrvydyjLWexKHtjNGM9LI3E//zupmJroOcyzQzTNLFoigTxCRk9jwZcMWoERNLkCpubyV0hAqpsRFVbAje8surpHVR99y6d39Za9wUcZThBE7hHDy4ggbcQRN8oCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzB5k1j6o=</latexit><latexit sha1_base64="MDwnJ6xwDDRfB5N96z8as/o4Y+8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKpi20oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fj25nffmJK80Q+mEnKghiHkkecorFSpycxFEiifrXm1t05yCrxClKDAs1+9as3SGgWM2moQK27npuaIEdlOBVsWullmqVIxzhkXUslxkwH+fzeKTmzyoBEibIlDZmrvydyjLWexKHtjNGM9LI3E//zupmJroOcyzQzTNLFoigTxCRk9jwZcMWoERNLkCpubyV0hAqpsRFVbAje8surpHVR99y6d39Za9wUcZThBE7hHDy4ggbcQRN8oCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzB5k1j6o=</latexit>

x� ⌘1rf
<latexit sha1_base64="OIiBgwnF4hCtD3KfFuTUH3BMViI=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgEL5ZEBD0WvXisYD+gCWWy3bRLN5uwuxFL6MWLf8WLB0W8+h+8+W/ctDlo64OBx3szzMwLEs6Udpxvq7S0vLK6Vl6vbGxube/Yu3stFaeS0CaJeSw7ASjKmaBNzTSnnURSiAJO28HoOvfb91QqFos7PU6oH8FAsJAR0Ebq2YdeBHoYhNnDBJ9ij2roudgTEHDAYc+uOjVnCrxI3IJUUYFGz/7y+jFJIyo04aBU13US7WcgNSOcTipeqmgCZAQD2jVUQESVn02/mOBjo/RxGEtTQuOp+nsig0ipcRSYzvxmNe/l4n9eN9XhpZ8xkaSaCjJbFKYc6xjnkeA+k5RoPjYEiGTmVkyGIIFoE1zFhODOv7xIWmc116m5t+fV+lURRxkdoCN0glx0geroBjVQExH0iJ7RK3qznqwX6936mLWWrGJmH/2B9fkD/ImXlA==</latexit><latexit sha1_base64="OIiBgwnF4hCtD3KfFuTUH3BMViI=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgEL5ZEBD0WvXisYD+gCWWy3bRLN5uwuxFL6MWLf8WLB0W8+h+8+W/ctDlo64OBx3szzMwLEs6Udpxvq7S0vLK6Vl6vbGxube/Yu3stFaeS0CaJeSw7ASjKmaBNzTSnnURSiAJO28HoOvfb91QqFos7PU6oH8FAsJAR0Ebq2YdeBHoYhNnDBJ9ij2roudgTEHDAYc+uOjVnCrxI3IJUUYFGz/7y+jFJIyo04aBU13US7WcgNSOcTipeqmgCZAQD2jVUQESVn02/mOBjo/RxGEtTQuOp+nsig0ipcRSYzvxmNe/l4n9eN9XhpZ8xkaSaCjJbFKYc6xjnkeA+k5RoPjYEiGTmVkyGIIFoE1zFhODOv7xIWmc116m5t+fV+lURRxkdoCN0glx0geroBjVQExH0iJ7RK3qznqwX6936mLWWrGJmH/2B9fkD/ImXlA==</latexit><latexit sha1_base64="OIiBgwnF4hCtD3KfFuTUH3BMViI=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgEL5ZEBD0WvXisYD+gCWWy3bRLN5uwuxFL6MWLf8WLB0W8+h+8+W/ctDlo64OBx3szzMwLEs6Udpxvq7S0vLK6Vl6vbGxube/Yu3stFaeS0CaJeSw7ASjKmaBNzTSnnURSiAJO28HoOvfb91QqFos7PU6oH8FAsJAR0Ebq2YdeBHoYhNnDBJ9ij2roudgTEHDAYc+uOjVnCrxI3IJUUYFGz/7y+jFJIyo04aBU13US7WcgNSOcTipeqmgCZAQD2jVUQESVn02/mOBjo/RxGEtTQuOp+nsig0ipcRSYzvxmNe/l4n9eN9XhpZ8xkaSaCjJbFKYc6xjnkeA+k5RoPjYEiGTmVkyGIIFoE1zFhODOv7xIWmc116m5t+fV+lURRxkdoCN0glx0geroBjVQExH0iJ7RK3qznqwX6936mLWWrGJmH/2B9fkD/ImXlA==</latexit><latexit sha1_base64="OIiBgwnF4hCtD3KfFuTUH3BMViI=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgEL5ZEBD0WvXisYD+gCWWy3bRLN5uwuxFL6MWLf8WLB0W8+h+8+W/ctDlo64OBx3szzMwLEs6Udpxvq7S0vLK6Vl6vbGxube/Yu3stFaeS0CaJeSw7ASjKmaBNzTSnnURSiAJO28HoOvfb91QqFos7PU6oH8FAsJAR0Ebq2YdeBHoYhNnDBJ9ij2roudgTEHDAYc+uOjVnCrxI3IJUUYFGz/7y+jFJIyo04aBU13US7WcgNSOcTipeqmgCZAQD2jVUQESVn02/mOBjo/RxGEtTQuOp+nsig0ipcRSYzvxmNe/l4n9eN9XhpZ8xkaSaCjJbFKYc6xjnkeA+k5RoPjYEiGTmVkyGIIFoE1zFhODOv7xIWmc116m5t+fV+lURRxkdoCN0glx0geroBjVQExH0iJ7RK3qznqwX6936mLWWrGJmH/2B9fkD/ImXlA==</latexit>

x� ⌘2rf
<latexit sha1_base64="D0KWxsJGAS4+zhQIhfSZwH+zpt4=">AAACBXicbVBNS8NAEN34WetX1KMeFovgxZIUQY9FLx4r2A9oQphsN+3SzSbsbsQSevHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/PClDOlHefbWlpeWV1bL22UN7e2d3btvf2WSjJJaJMkPJGdEBTlTNCmZprTTiopxCGn7XB4XfjteyoVS8SdHqXUj6EvWMQIaCMF9pEXgx6EUf4wxmfYoxqCGvYEhBxwFNgVp+pMgBeJOyMVNEMjsL+8XkKymApNOCjVdZ1U+zlIzQin47KXKZoCGUKfdg0VEFPl55MvxvjEKD0cJdKU0Hii/p7IIVZqFIems7hZzXuF+J/XzXR06edMpJmmgkwXRRnHOsFFJLjHJCWajwwBIpm5FZMBSCDaBFc2IbjzLy+SVq3qOlX39rxSv5rFUUKH6BidIhddoDq6QQ3URAQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fkD/haXlQ==</latexit><latexit sha1_base64="D0KWxsJGAS4+zhQIhfSZwH+zpt4=">AAACBXicbVBNS8NAEN34WetX1KMeFovgxZIUQY9FLx4r2A9oQphsN+3SzSbsbsQSevHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/PClDOlHefbWlpeWV1bL22UN7e2d3btvf2WSjJJaJMkPJGdEBTlTNCmZprTTiopxCGn7XB4XfjteyoVS8SdHqXUj6EvWMQIaCMF9pEXgx6EUf4wxmfYoxqCGvYEhBxwFNgVp+pMgBeJOyMVNEMjsL+8XkKymApNOCjVdZ1U+zlIzQin47KXKZoCGUKfdg0VEFPl55MvxvjEKD0cJdKU0Hii/p7IIVZqFIems7hZzXuF+J/XzXR06edMpJmmgkwXRRnHOsFFJLjHJCWajwwBIpm5FZMBSCDaBFc2IbjzLy+SVq3qOlX39rxSv5rFUUKH6BidIhddoDq6QQ3URAQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fkD/haXlQ==</latexit><latexit sha1_base64="D0KWxsJGAS4+zhQIhfSZwH+zpt4=">AAACBXicbVBNS8NAEN34WetX1KMeFovgxZIUQY9FLx4r2A9oQphsN+3SzSbsbsQSevHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/PClDOlHefbWlpeWV1bL22UN7e2d3btvf2WSjJJaJMkPJGdEBTlTNCmZprTTiopxCGn7XB4XfjteyoVS8SdHqXUj6EvWMQIaCMF9pEXgx6EUf4wxmfYoxqCGvYEhBxwFNgVp+pMgBeJOyMVNEMjsL+8XkKymApNOCjVdZ1U+zlIzQin47KXKZoCGUKfdg0VEFPl55MvxvjEKD0cJdKU0Hii/p7IIVZqFIems7hZzXuF+J/XzXR06edMpJmmgkwXRRnHOsFFJLjHJCWajwwBIpm5FZMBSCDaBFc2IbjzLy+SVq3qOlX39rxSv5rFUUKH6BidIhddoDq6QQ3URAQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fkD/haXlQ==</latexit><latexit sha1_base64="D0KWxsJGAS4+zhQIhfSZwH+zpt4=">AAACBXicbVBNS8NAEN34WetX1KMeFovgxZIUQY9FLx4r2A9oQphsN+3SzSbsbsQSevHiX/HiQRGv/gdv/hs3bQ/a+mDg8d4MM/PClDOlHefbWlpeWV1bL22UN7e2d3btvf2WSjJJaJMkPJGdEBTlTNCmZprTTiopxCGn7XB4XfjteyoVS8SdHqXUj6EvWMQIaCMF9pEXgx6EUf4wxmfYoxqCGvYEhBxwFNgVp+pMgBeJOyMVNEMjsL+8XkKymApNOCjVdZ1U+zlIzQin47KXKZoCGUKfdg0VEFPl55MvxvjEKD0cJdKU0Hii/p7IIVZqFIems7hZzXuF+J/XzXR06edMpJmmgkwXRRnHOsFFJLjHJCWajwwBIpm5FZMBSCDaBFc2IbjzLy+SVq3qOlX39rxSv5rFUUKH6BidIhddoDq6QQ3URAQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fkD/haXlQ==</latexit>

x
<latexit sha1_base64="QoGnJE9htm3lRyu7YZZfOqFOvc8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc1IZVCtuXV3DrJKvILUoEBzUP3yhzFLI66QSWpMz3MT7GdUo2CSzyp+anhC2YSOeM9SRSNu+tk884ycWWVIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimG1/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqa8BG/5y6ukfVH33Lp3f1lr3BR1lOEETuEcPLiCBtxBE1rAIIFneIU3J3VenHfnYzFacoqdY/gD5/MHj3qRWg==</latexit><latexit sha1_base64="QoGnJE9htm3lRyu7YZZfOqFOvc8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc1IZVCtuXV3DrJKvILUoEBzUP3yhzFLI66QSWpMz3MT7GdUo2CSzyp+anhC2YSOeM9SRSNu+tk884ycWWVIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimG1/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqa8BG/5y6ukfVH33Lp3f1lr3BR1lOEETuEcPLiCBtxBE1rAIIFneIU3J3VenHfnYzFacoqdY/gD5/MHj3qRWg==</latexit><latexit sha1_base64="QoGnJE9htm3lRyu7YZZfOqFOvc8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc1IZVCtuXV3DrJKvILUoEBzUP3yhzFLI66QSWpMz3MT7GdUo2CSzyp+anhC2YSOeM9SRSNu+tk884ycWWVIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimG1/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqa8BG/5y6ukfVH33Lp3f1lr3BR1lOEETuEcPLiCBtxBE1rAIIFneIU3J3VenHfnYzFacoqdY/gD5/MHj3qRWg==</latexit><latexit sha1_base64="QoGnJE9htm3lRyu7YZZfOqFOvc8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc1IZVCtuXV3DrJKvILUoEBzUP3yhzFLI66QSWpMz3MT7GdUo2CSzyp+anhC2YSOeM9SRSNu+tk884ycWWVIwljbp5DM1d8bGY2MmUaBncwzmmUvF//zeimG1/1MqCRFrtjiUJhKgjHJCyBDoTlDObWEMi1sVsLGVFOGtqa8BG/5y6ukfVH33Lp3f1lr3BR1lOEETuEcPLiCBtxBE1rAIIFneIU3J3VenHfnYzFacoqdY/gD5/MHj3qRWg==</latexit>

h too large: 

• The first order approximation stops being valid.

• f can increase instead of decrease. 


h too small:

• Convergence rate will be very slow.


Partial solution: 

• Instead of using a fixed learning rate perform a line search in the direction 

of the gradient. 
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Line Search

Current position and gradient direction

• Search along the gradient direction for a minimum. 

• This is a 1D search and therefore doable. 
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Python Implementation
def steepestGrad(objF,x0,nIt=100,eps=1e-6,step=1.0):

    

    for i in range(nIt):

       

        y0,g0=objF(x0)                                                # Compute the value of objF and its gradient.

        x1=x0-step*g0                                                 # Take a step in the direction of the gradient.

        y1,_=objF(x1)                                                  # Compute the new value of objF.

        while(y1>y0):                                                   # Check that the function value has decreased.

            if(np.allclose(x0,x1,eps)):                            # Stopping condition. 

                return x0

            step=step/2.0                                                # Reduce the step size.

            x1   =x0-step*g0                                          # Try again.

            y1,_=objF(x1)


        x0,y0=lineSearch(objF,x0,y0,x1,y1,params)

       

    return x0

y0

y1

0 1l

#argmin
�

�x0 + (1� �)x1
<latexit sha1_base64="Osp7BE+E/O6MasNrGcbIVYpifBw="></latexit><latexit sha1_base64="Osp7BE+E/O6MasNrGcbIVYpifBw="></latexit><latexit sha1_base64="Osp7BE+E/O6MasNrGcbIVYpifBw="></latexit><latexit sha1_base64="Osp7BE+E/O6MasNrGcbIVYpifBw="></latexit>
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Local Minima

The result depends critically on the starting 
point and is very likely to be closest local 
minimum, which is not usually the global one. 
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Zig-Zagging towards the Solution

x4

x5

x0

x0

x1

x1

x2
x2

• Successive line searches tend to be perpendicular to each other. 

• They would be if we found a true local minimum each time. 
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Conjugate Gradient

—> Faster convergence.

1. Start at x0.

2. g0 = rF (x0).

3. For k from 0 to n� 1:

(a) Find ↵k that minimizes f(xk + ↵kgk).

(b) xk+1 = xk + ↵kgk.

(c) �k = krf(xk+1)k2

krf(xk)k2 .

(d) gk+1 = �rf(xk+1) + �kgk.

4. x0 = xn and go to step 2 until convergence.
<latexit sha1_base64="sk+YDy/sglN7mo9MvpnJvvOo24A="></latexit><latexit sha1_base64="sk+YDy/sglN7mo9MvpnJvvOo24A="></latexit><latexit sha1_base64="sk+YDy/sglN7mo9MvpnJvvOo24A="></latexit><latexit sha1_base64="sk+YDy/sglN7mo9MvpnJvvOo24A="></latexit>

Take the search direction to be a weighted average of 
the gradient vector and the previous search directions:  
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Python Implementation
def conjugateGrad(objF,x0,nIt=100,eps=1e-10,step=1.0):

        

        y0,g0=objF(x0)

        h0=-g0                                                                # g: Function gradient.

        g0 =h0                                                                # h: Conjugate direction.


        for i in range(1,nIt):

            l0=np.linalg.norm(h0)

            if(l0<eps):

                print('Gradient has vanished.')

                break

            x1   =x0+(step/l0)*h0

            y1,_=objF(x1)

            while(y1>y0):                                                   # Check that the function value has decreased.

                if(np.allclose(x0,x1,eps)):                            # Stopping condition.

                    return x0

                step=step/2.0

                x1   =x0+(step/np.linalg.norm(h0))*h0

                y1,_=objF(x1,False)

        

            x1,y1=lineSearch(objF,x0,y0,x1,y1)

            y1,g1=objF(x1)                                                 # Recompute value and gradient.

            g1=-g1   

            h1=g1


            if((i%n)>0):                                                      # Compute conjugate direction but reset every n iterations.

                gamma=np.dot((g1-g0),g1)/np.dot(g0,g0)   # Modified Polak Ribiere, i.e. only if gamma > 0.

                if(gamma>0):

                    h1=g1+gamma*h0

                

            # Switch variables

            g0=g1

            h0=h1

            x0=x1

            y0=y1    

  

Optional
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In Real Life (1)

import scipy


def f(x):

    ……   # return the value of the function.

def g(x):

    ……. # return the gradient of the function.


x0= …. # starting point.

x1= scipy.optimize.fmin_cg(f,x0,fprime=g,epsilon=eps,maxiter=nIt)

Optional
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In Real Life (2)

Optional



Solve H(x)dx = �rf(x)

) dx = �H(x)�1rf(x)

rf(x+ dx) ⇡ 0

f(x+ dx)) ⇡ f(x)�rf(x)TH(x)�1rf(x)

+
1

2
rf(x)TH(x)�1

H(x)H(x)�1rf(x)

⇡ f(x)� 1

2
rf(x)TH(x)�1rf(x)

<latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit>

Solve H(x)dx = �rf(x)

) dx = �H(x)�1rf(x)

rf(x+ dx) ⇡ 0

f(x+ dx)) ⇡ f(x)�rf(x)TH(x)�1rf(x)

+
1

2
rf(x)TH(x)�1

H(x)H(x)�1rf(x)

⇡ f(x)� 1

2
rf(x)TH(x)�1rf(x)

<latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit>

Solve H(x)dx = �rf(x)

) dx = �H(x)�1rf(x)

rf(x+ dx) ⇡ 0

f(x+ dx)) ⇡ f(x)�rf(x)TH(x)�1rf(x)

+
1

2
rf(x)TH(x)�1

H(x)H(x)�1rf(x)

⇡ f(x)� 1

2
rf(x)TH(x)�1rf(x)

<latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit>
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Second Order Methods

Second order Taylor expansion:

Newton method:

f(x+ dx) ⇡ f(x) +rf(x)Tdx+
1

2
dxT

H(x)dx

rf(x+ dx) ⇡ rf(x) +H(x)dx
<latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="Jw2Lh9mlzXfBUQQkHTuSjUJ2lZc="></latexit><latexit sha1_base64="QewewZZI14Xav0OdhVjIAXxrnMo="></latexit><latexit sha1_base64="QewewZZI14Xav0OdhVjIAXxrnMo="></latexit><latexit sha1_base64="ZqAGkrHGCCUsMcVE3sKuRpjjRf4="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit>

Triggs et al., Bundle 
Adjustment,  2000

Solve H(x)dx = �rf(x)

) dx = �H(x)�1rf(x)

rf(x+ dx) ⇡ 0

f(x+ dx)) ⇡ f(x)�rf(x)TH(x)�1rf(x)

+
1

2
rf(x)TH(x)�1

H(x)H(x)�1rf(x)

⇡ f(x)� 1

2
rf(x)TH(x)�1rf(x)

<latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit><latexit sha1_base64="Da1QMD/8tcgeLWSctGEotMuQ8IY="></latexit>

Optional
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Newton in 1D

g(x1)

g(x0) x x� g(x)

g0(x)
<latexit sha1_base64="dFXtoqMPz2/r8k6RMO2HorsDmhY=">AAACDHicbVC9TsMwGHTKXyl/BUYWiwpRBqoEIcFYwcJYJPojNVHluE5q1bEj24FWUR+AhVdhYQAhVh6AjbfBaTNAy0mWT3f3yf7OjxlV2ra/rcLS8srqWnG9tLG5tb1T3t1rKZFITJpYMCE7PlKEUU6ammpGOrEkKPIZafvD68xv3xOpqOB3ehwTL0IhpwHFSBupV66MoMtIoJGU4gGO4Cl0A4lwGlZHJ5M0PM4uk7Jr9hRwkTg5qYAcjV75y+0LnESEa8yQUl3HjrWXIqkpZmRSchNFYoSHKCRdQzmKiPLS6TITeGSUPgyENIdrOFV/T6QoUmoc+SYZIT1Q814m/ud1Ex1ceinlcaIJx7OHgoRBLWDWDOxTSbBmY0MQltT8FeIBMmVo01/JlODMr7xIWmc1x/Db80r9Kq+jCA7AIagCB1yAOrgBDdAEGDyCZ/AK3qwn68V6tz5m0YKVz+yDP7A+fwD5NJpH</latexit><latexit sha1_base64="dFXtoqMPz2/r8k6RMO2HorsDmhY=">AAACDHicbVC9TsMwGHTKXyl/BUYWiwpRBqoEIcFYwcJYJPojNVHluE5q1bEj24FWUR+AhVdhYQAhVh6AjbfBaTNAy0mWT3f3yf7OjxlV2ra/rcLS8srqWnG9tLG5tb1T3t1rKZFITJpYMCE7PlKEUU6ammpGOrEkKPIZafvD68xv3xOpqOB3ehwTL0IhpwHFSBupV66MoMtIoJGU4gGO4Cl0A4lwGlZHJ5M0PM4uk7Jr9hRwkTg5qYAcjV75y+0LnESEa8yQUl3HjrWXIqkpZmRSchNFYoSHKCRdQzmKiPLS6TITeGSUPgyENIdrOFV/T6QoUmoc+SYZIT1Q814m/ud1Ex1ceinlcaIJx7OHgoRBLWDWDOxTSbBmY0MQltT8FeIBMmVo01/JlODMr7xIWmc1x/Db80r9Kq+jCA7AIagCB1yAOrgBDdAEGDyCZ/AK3qwn68V6tz5m0YKVz+yDP7A+fwD5NJpH</latexit><latexit sha1_base64="dFXtoqMPz2/r8k6RMO2HorsDmhY=">AAACDHicbVC9TsMwGHTKXyl/BUYWiwpRBqoEIcFYwcJYJPojNVHluE5q1bEj24FWUR+AhVdhYQAhVh6AjbfBaTNAy0mWT3f3yf7OjxlV2ra/rcLS8srqWnG9tLG5tb1T3t1rKZFITJpYMCE7PlKEUU6ammpGOrEkKPIZafvD68xv3xOpqOB3ehwTL0IhpwHFSBupV66MoMtIoJGU4gGO4Cl0A4lwGlZHJ5M0PM4uk7Jr9hRwkTg5qYAcjV75y+0LnESEa8yQUl3HjrWXIqkpZmRSchNFYoSHKCRdQzmKiPLS6TITeGSUPgyENIdrOFV/T6QoUmoc+SYZIT1Q814m/ud1Ex1ceinlcaIJx7OHgoRBLWDWDOxTSbBmY0MQltT8FeIBMmVo01/JlODMr7xIWmc1x/Db80r9Kq+jCA7AIagCB1yAOrgBDdAEGDyCZ/AK3qwn68V6tz5m0YKVz+yDP7A+fwD5NJpH</latexit><latexit sha1_base64="dFXtoqMPz2/r8k6RMO2HorsDmhY=">AAACDHicbVC9TsMwGHTKXyl/BUYWiwpRBqoEIcFYwcJYJPojNVHluE5q1bEj24FWUR+AhVdhYQAhVh6AjbfBaTNAy0mWT3f3yf7OjxlV2ra/rcLS8srqWnG9tLG5tb1T3t1rKZFITJpYMCE7PlKEUU6ammpGOrEkKPIZafvD68xv3xOpqOB3ehwTL0IhpwHFSBupV66MoMtIoJGU4gGO4Cl0A4lwGlZHJ5M0PM4uk7Jr9hRwkTg5qYAcjV75y+0LnESEa8yQUl3HjrWXIqkpZmRSchNFYoSHKCRdQzmKiPLS6TITeGSUPgyENIdrOFV/T6QoUmoc+SYZIT1Q814m/ud1Ex1ceinlcaIJx7OHgoRBLWDWDOxTSbBmY0MQltT8FeIBMmVo01/JlODMr7xIWmc1x/Db80r9Kq+jCA7AIagCB1yAOrgBDdAEGDyCZ/AK3qwn68V6tz5m0YKVz+yDP7A+fwD5NJpH</latexit>

0 = g(x+ dx) = g(x) + g0(x)dx

) dx = � g(x)

g0(x)
<latexit sha1_base64="aG0fMgio5H1IjMFGGoH7fh14Tac="></latexit><latexit sha1_base64="aG0fMgio5H1IjMFGGoH7fh14Tac="></latexit><latexit sha1_base64="aG0fMgio5H1IjMFGGoH7fh14Tac="></latexit><latexit sha1_base64="aG0fMgio5H1IjMFGGoH7fh14Tac="></latexit>

Optional
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Finding the Root of a Polynomial

• There is more than one root.

• The one you find depends on the starting point.  

x1x2x3
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Potential Instability

x0 x1

• Individual steps can be very large, leading to instability.  

Optional
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Damped Newton
Second order Taylor expansion:

Introduce a damping term:

f(x+ dx) ⇡ f(x) +rf(x)Tdx+
1

2
dxT

H(x)dx

rf(x+ dx) ⇡ rf(x) +H(x)dx
<latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="Jw2Lh9mlzXfBUQQkHTuSjUJ2lZc="></latexit><latexit sha1_base64="QewewZZI14Xav0OdhVjIAXxrnMo="></latexit><latexit sha1_base64="QewewZZI14Xav0OdhVjIAXxrnMo="></latexit><latexit sha1_base64="ZqAGkrHGCCUsMcVE3sKuRpjjRf4="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit><latexit sha1_base64="/gLFI6hIlhx4NN82ftYwpT7V9S8="></latexit>

Regular Newton Method: H(x)dx = �rf(x)

Damped Newton: (H(x) + �I)dx = �rf(x)
<latexit sha1_base64="tEUIhK7EyqaditS3ZOPQ2PUvFpA="></latexit><latexit sha1_base64="tEUIhK7EyqaditS3ZOPQ2PUvFpA="></latexit><latexit sha1_base64="tEUIhK7EyqaditS3ZOPQ2PUvFpA="></latexit><latexit sha1_base64="tEUIhK7EyqaditS3ZOPQ2PUvFpA="></latexit>

• � = 0: Regular Newton

• � >> 0: Gradient descent
<latexit sha1_base64="WS1NV+n1eI9C/8Da/g4fPKozPtg="></latexit><latexit sha1_base64="WS1NV+n1eI9C/8Da/g4fPKozPtg="></latexit><latexit sha1_base64="WS1NV+n1eI9C/8Da/g4fPKozPtg="></latexit><latexit sha1_base64="WS1NV+n1eI9C/8Da/g4fPKozPtg="></latexit>

 with {x ← x + dx

Optional
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Qualitative Result

Steepest gradient Conjugate gradient Damped Newton

x0

x0 x0 x0

x1 x1 x1

Damped Newton converges much faster!

Optional
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Python Implementation

def dampedNewton(objF,x,nIt=10,lbda=None):

    

    for i in range(nIt):   

        f,g,H=objF(x)                                # Evaluate f, its gradient, and its Hessian.

        x -= linSolve(H,g,lbda=lbda)        # Solve (H + l I) x = g        

    return x

def linSolve(A,b,lbda=None):

    

     if(lbda is not None):

             A=A+lbda*np.eye(A.shape[0])  # A <— A + l I

     x=np.linalg.solve(A,b)                       # Solve A x = b                

     return(x)

Optional
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Optimization in Short

• Convex functions have a global minimum.

• It can be found using either 1st or 2nd 

order methods. The latter is usually faster 
but requires computing second derivatives.


• Non-convex functions can be optimized in a 
similar manner but this will usually yield a 
local minimum. 


