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New Basics of Markov Chains .→ :

• Main thm : I and uniàty of
a stat disk .

•
Mari thm : when did a limitions

di str ?

Notion of Ergodie chair'

qivved
, eperiodic , pas mec .

.
Rate of eppnoach of the stat disk .

smixing time , spectral jen .

within of chains mat
seliify detailed balance

.

All this has to be kept in Hind es e framework .

for the second part of the courre .

-
Appel d Alg .



Algorithmie Question net we null tackle is

about 5AMP4NG_ .
franc distribution .

{Fil ieg S = state space .

-

Haw do you sample efficiente ?
Today 's program .

-1) Native this question . La like ) .
A

r) Rewind some very classico method for sampling µ
mat wak nell for "easy

" dish
.

3) Example of
"

hard
"

to sample distributions . g-
= .

4) Markov Chain Monte Carlo method .

-

de

Metropolis - Hasting algo .



I i

1) Metropolis - Hasting to minimisation of function

% { on a cortfct .

2) Amneelinj Alger .

¥1 (3) Colioni- y a graph : analyse Meme tro color a

greph .

% (4) Ising Model : paradigme of
"

hard
"

to

week . sample dish

↳↳{ 5) Cast two week. : Propp de Wilson Coupliez
from hm part Method .

T
Special implémentation

of McMC -

Il .



Motivent; ,
its

.

• For example you wait to compute : ÉTAT fci ) Ti .
× isn.us - t PCX = iz.pe. .

EE E#(X) ) .

Monte Carlo Method . you droaw NI sampler
- - - - - -

t

Xp ,
X
,
- -

-

, Xp iid from IT
-

Tek the ertimehr ¥ ÎÊ f- ( Xx ) .

Bine la-wofkrI.si f- ÊEFCXI ¥ .

Variance Voulte Ê
,

feat) =#Êvatfexxs )
= f- Voncfcxi ) .

¥ ÎÉ
, ftp.I-E-cxiltofyf

-

error of

ÈÂ ←
estimera .



Kassim: ( easy to sample disk ) .

• Mort Naive au but My much und [in prediu on

computer ) :

typ : Efficient way to generale a ÙN Uuif [0,17 .

-

0

To sample from c.) ies S = Lo , 1,2 , - - - ) .

× =
/ 00 s' 0 ET E To i PEU :o) = Paco,

X 1 j To EÙ E Totti , ; Ptaet =ÂCx⇒)

:| i. ÏË " e- ÈÏ :P?
.

"

~ Act , a dire
"



• Importance Sampling .

-

Assume we have an efficient method to sample

from disk (Yi fies .

?= : Ç fais #i = ¥- fiis Wi Yi
- -

E Cfc x ) ) E (fcxs WCXD ✓
XNT X~ Y

{www.i-t#f4i
-

EY is to amenside the estimateur :

¥ ÎÉ fcxxlwcx.cl where Wi - Iii
and the sum is over souple i. i. d XKN µ .

Variance
Tex,
_ ¥ Van CXIWCX ) )

.

Y Error ais ender ¥ . Vm(fcxIwC# and

MMA could optimale over Y to make it suraller¥
-

KEÉ:"



procud as in importance sampling
• Réjection sampling f with some acceptanalrepech.cn pub .

-

Ç fris Ji Yi5- fais ti =

#
✓

its 0
-

.

Cfcm ) . wi =
c lui

• easy to goxnple from dish µ .

• pick a sample I with prohahlity Yi

• accent me sample i with pnhehlity Ûi=ÈI
heu eziççx ! es

Estimer : % ¥,
«
isf ' " ) ✓ ¥→ accepted

×
. .

. . . . " au sauna fan④ .
Ton accent$ nsm' intube M' of then -

§ç fait Vini IE, lrcisliûi
-

=→
= Iff Ti =

ET Yiûi Kiwi = te #i ⇒ IEXiûi - t



Eirik, >

-

• Graph Theory en theoretical computer sien :

¥Üh.

Lamaze•
go G = ( V , E) .•§. v.↳ ¥

q colors at die pool ( 1,2 , _ . . q I .

Défi trop off is an assignent of
eT s- t if Ca , b) E E then

a le b dont have the same color .

Jake the distribution : IT = un if dich over
-

me set of all possible
propres coloriages .

③ t.me?IIrZ=#Efpupncoloriys
)

• you dont know mnt S = mamba of propre chemin -

• you det know TZ the normalisation factor is un keum .

↳recialy for large G.) .



• Ising Model . ( we will come back to this in

-

c few week ) .

G = ( V
,
E) t- v assipred tu l' eu : £ Il

cost function : tt ( s , - - - S
,"
) = - {ijsisj
× t *

sum is over ER
.

all Edge off .

dish : Ising Model dish ( MRF a Gibb , dish

for finie G )
.

- PHCS , - - - qui )
e

IT( s. . . . sa ) =-
-

, ~ - T - r
,

F-State space = set of all binary essijnmuts (s, --- Sv)

D- = T
- PHCS, - - - sp ) .

-

e

S
,
- - Sy , C- {± J'VI

-

gum certains 2
' "
terms . hard to compute -

=

Ha



MatouryRethel .
-

• Goal is to sample tt

Idea : view IT as the stationcry distribution
mm and evan in fact the limitions distribution

of a Markov Chain !

truc :

• Markov chair s.TT it the unique limitiez
distribution

.

• Convergence verte (mixiy time or spectral gep )
of Mc to T should be fast .

For these teasers almsst clweys one conzidug

Me that is agodie and salifies detailed balance
-
-

But also the construction should be such Mature$ dent merd to known to much about computing
whalen is hard in Ti ' s .

ËeaÇ§qË.in?ri-losAlmosfemda-cnhachauetnis ]



General Meme algorithme .

'

if S state space )

-- L
Et construits of Mc that has IT as limitiydiih :

1. Select au easy - to - simulée Markov Chain with transition

prehehilih.es Vig fa i, je s . We met

the chair 4 is aperiode & irreduùbh . Melton

that ilij > o ⇒ yji > o .

i.N.li
③

←

Y is called Une barre Chain a me propose chair

2. Design acceptera pneheh.tl'hui Qij = Une pub that

the transition it j of the barre chain a proposd
chai

is accepted .

3. Construit the new Chain ( Meme ) with transition

prehahnlity matrix I :

accepted more
.

Pij = Yijaij i # j
Ïd

{pii-e-i.EE. Yixaix ' ËËÈ:
Remonte .

-
-

'

Pii-4iitfx.4ixc-aixl-1-E.gl/+aix.teteeteemea .



We have hot srecifiedaijzet.is. j-
.

←

Theron :[ Metropolis - Hasting ] .

-

set aij = min ( 1 , ) ④

Then the chain with mehix I «Love ) is

ergodie
with stat disk IT

.

PIF : 4 irred and 4ij do ⇒ Xp. > o
.
Thus

Qij 70 and also pij = Ilija 70 .

⇒ chair I is ined
.

=.

Moreau pii > o for some I ⇒ I aperidodic .

=

Omon check met Eth ¥#a

IT is the stat dish
.

=

(soit existe )
.

=D P is pas récurrent .
=

Therefou :P irhed
, open, por me [ERGODI c) jlimitiyg#et dish unique;
and we known its ct Bon



Cheek that detailed balance is xhifrd :

-

Ti Pij
Ê
Tj Pj , ¥7.2

'

,

>

Fi Pij =
. Yi min (1 ; Tjlii
-
¥.

.

. i Iii;)
.
.

'

Metro - test rnle

= min ( Ti Yij j Tjlji )
-

symétrie undu l'⇒ j

= Tj Pji *



① Remonte : Why is this a nia nul Metropolis - Hoehj
-

and why don it help to sample
from "hard " dish .

*

IL prend.mg ) e-
t FÊTES soir;

- j-

rz - z .

in aij = min ( e . )
the Z will cwezssinvlify i-

we menu have her to commute 2- .

Also we will se bat after can the caupnkd[
my mail . (een by hand ) sanetime .

£. ;
x

② Remontez : Interprétation of the tle . Sunna 4g - Yuji

⇒

üü:÷:÷÷i¥÷::÷÷÷÷÷÷÷÷#

ZÎ%êtnmp%%EèErkomnisciente.


