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Non-Linearly Separable Data 

—> Map the data to a higher dimension.

+1

+1

-1

-1

Adaboost can handle this using 

linear classifiers.

But not this.
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Mapping to a Higher Dimension:

Three Examples

1D classification. 2D classification. Polynomial approximation.
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1D Classification Example

How can we handle this 1D/2-class data?

We can map it to 2D:

x → ϕ(x) = [ x
x2]

—> We can now use a linear classifier. 
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2D Classification Example

How about this 2D/2-class data?
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x1x2

x = [x1
x2] → ϕ(x) =

x1
x2

x2
1 + x2

2
x2 1

+
x2 2

We can map the 2D data to 3D:

2D Classification Example

—> We can now use a linear classifier. 
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Lifting from 2D to 3D
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Polynomial Approximation

(xn,tn)

∀x, f(x) ≈
M

∑
i=0

wixi• Find  such that:


• Least squares solution: 


• For M=1, reduces to linear regression.

w = [w0, w1, …, wM]

For : 

tn = f(xn) + e


• The (xi,ti) are given.

• f is unknown.

1 ≤ n ≤ N

w* = argminw ∑
n

(tn −
M

∑
i=0

wixi
n)2



M=0

M=1

M=2

M=3

M=4

M=6

M=10

For a given M, we plot in green:

Polynomial Approximation

fM(x) =
M

∑
i=0

w*i xi
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Polynomial Feature Expansion

x → ϕ(x) =

1
x
x2

⋮
xM

 with 
M

∑
i=0

wixi = w ⋅ ϕ(x) = wTϕ(x) w =

w0
w1
⋮

wM

The least squares solution becomes:


 w* = argminw ∑
n

(tn − wTϕ(xn))2

The polynomial can be rewritten as:
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Least-Squares Formulation

) �w⇤ ⇡ t
<latexit sha1_base64="AjuajwdHtr+rmJn/YW+LnuvJrI4="></latexit>

) (�T�)w⇤ = �T t
<latexit sha1_base64="8to9n4IJehQpPGk9wcqpdupzSzs="></latexit>

Intuitively:

Formally:

N × M̃ M̃ × 1

M̃ × M̃ M̃ × 1 M̃ × 1

N × 1

w⇤ = argmin
w

NX

n=0

k(tn �wT�(xn))k2

= argmin
w

k�w � tk2

with

� =

2

6664

�(x1)T

�(x2)T

...
�(xN )T

3

7775
=

2

664

1 x1 x2
1 . . . xM

1

1 x2 x2
2 . . . xM

2

. . . . . . . . . . . . . . .
1 xN x2

N . . . xM
N

3

775 , w =

2

66664

w0

w1

w2

. . .
wM

3

77775
, and t =

2

66664

t0
t1
t2
. . .
tN

3

77775
.

<latexit sha1_base64="wSZI04iF/PrUms+xSTlKXU/wJD8="></latexit>

1
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Optional: Proof Sketch

R =
1

2
k�w � tk2

=
1

2
(�w � t)T (�w � t)

<latexit sha1_base64="bSaw37T1K6Y0G+GYTVTkfYenqQg="></latexit>

rR = �T (�w � t)
<latexit sha1_base64="PQ2m5mfStWJmmljtJncrNVm4I38="></latexit>

0 = rR = �T (�w � t)

)�T�w = �T t
<latexit sha1_base64="ArocVf46ldfIFUK7XTVl7KOxpOs="></latexit>

We want to minimize:

The gradient or R w.r.t w is:

At the minimum:
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Adding Noise
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Regularization

w⇤ = argmin
w

k�w � tk2 + �

2
kwk2

) Solve: (�T�+ �I)w = �T t
<latexit sha1_base64="wd1eo3pOycjAhO6VQDIxaGixRdY="></latexit>

• This is known as weight decay because in iterative 
algorithms it encourages the weight values to decay to zero, 
unless supported by the data. 


• It discourages large weights and therefore quick variations. 
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Use cross-validation 
data to select the 
value of l. 

Without and with Regularization
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Linear and Non-Linear Regression

For both kind of regressions, the trick is 
to find the best compromise between 
simplicity and goodness of fit. 

Order 1 Order 4 Order 15
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Application: Rainfall in Switzerland
The circles represent actual measurements

—> Extends to Higher Dimensions.
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?

 —> Regression problem

xt
<latexit sha1_base64="lL0TXDiPupfjkXPooCcKXOO3KJs="></latexit><latexit sha1_base64="lL0TXDiPupfjkXPooCcKXOO3KJs="></latexit><latexit sha1_base64="lL0TXDiPupfjkXPooCcKXOO3KJs="></latexit><latexit sha1_base64="lL0TXDiPupfjkXPooCcKXOO3KJs="></latexit>

Application: Stock Price Prediction

xt+�t
<latexit sha1_base64="G4UL77df+NivB8KJ9bHWXSKPkpE="></latexit><latexit sha1_base64="G4UL77df+NivB8KJ9bHWXSKPkpE="></latexit><latexit sha1_base64="G4UL77df+NivB8KJ9bHWXSKPkpE="></latexit><latexit sha1_base64="G4UL77df+NivB8KJ9bHWXSKPkpE="></latexit>

xt = [xt�T+1, . . . , xt�1, xt]

y(xt;w) = xt+�t
<latexit sha1_base64="c4Ko9JVJ2DzLe3YvRfancfiXgt0="></latexit><latexit sha1_base64="c4Ko9JVJ2DzLe3YvRfancfiXgt0="></latexit><latexit sha1_base64="c4Ko9JVJ2DzLe3YvRfancfiXgt0="></latexit><latexit sha1_base64="c4Ko9JVJ2DzLe3YvRfancfiXgt0="></latexit>
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But Be Careful!

https://xkcd.com/2048/

Never	trust	a	
statistic	you	have	
not	faked	yourself!
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But Be VERY Careful!

March 2019 to March 2020
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Recap: 

Mapping to a Higher Dimension

• We have seen three examples in which mapping to a higher 
dimension makes the problem linear. 


• This idea can be generalized. 

1D classification. 2D classification. Polynomial approximation.
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Classification in Feature Space

• Map from Rd to RD

• Learn a linear classifier in RD

f(x) = �(wT�(x) + w0)

� : Rd ! RD
<latexit sha1_base64="9EBEgv8mIUUQd1qAun75atoJ+qo="></latexit><latexit sha1_base64="9EBEgv8mIUUQd1qAun75atoJ+qo="></latexit><latexit sha1_base64="9EBEgv8mIUUQd1qAun75atoJ+qo="></latexit><latexit sha1_base64="9EBEgv8mIUUQd1qAun75atoJ+qo="></latexit>

y
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Polynomial Feature Expansion

x → ϕ(x) =

1
x
x2

⋮
xM

1-Dimensional Input d-Dimensional Input

ϕ(x) =

1
x1
⋮
xd

x2
1
⋮
x2

d
⋮

xM
1
⋮

xM
d

x1x2
⋮

x1xd
⋮

xd−1xd

x2
1 x2
⋮

constant

linear

quadratic

 powerM th

Products of 2 
variables

All other possible 
monomials

• The dimension of  grows quickly 
with the degree M of the polynomial. 


•   can be used in any algorithm that 
we have seen so far.

ϕ(x)

ϕ(x)
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Reminder: Linear SVM
 ,


subject to .


• C is constant that controls how costly constraint violations are.

• The problem is still convex.

w* = min(w,{ξn})
1
2

| |w2 | | + C
N

∑
n=1

ξn

∀n, tn ⋅ (w̃ ⋅ xn) ≥ 1 − ξn and ξn ≥ 0

 C=1 C=100
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Polynomial SVM
 ,


subject to .


• C is constant that controls how costly constraint violations are.

• The problem is still convex.

w* = min(w,{ξn})
1
2

| |w | |2 + C
N

∑
n=1

ξn

∀n, tn ⋅ (w̃ ⋅ ϕ(xn)) ≥ 1 − ξn and ξn ≥ 0

M =1 M = 2 M = 5 
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Interpretation

The linear decision boundary in a high dimensional space becomes a curvy one in the 
original low dimensional space. 
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[x, y, xy]
<latexit sha1_base64="7BkQpthZx7gMenfGZO7+wIzk+4M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsh7VKyabYNTbJLkpUuS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDBpTH2Bh5KFjGBjpUfUnVTT6iT1++WKW3PnQKvEy0kFcjT65a/eICKJoNIQjrXuem5s/Awrwwin01Iv0TTGZIyHtGupxIJqP5sfPEVnVhmgMFK2pEFz9fdEhoXWqQhsp8BmpJe9mfif101MeO1nTMaJoZIsFoUJRyZCs+/RgClKDE8twUQxeysiI6wwMTajkg3BW355lbQuap5b8+4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwpNj+Y=</latexit><latexit sha1_base64="7BkQpthZx7gMenfGZO7+wIzk+4M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsh7VKyabYNTbJLkpUuS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDBpTH2Bh5KFjGBjpUfUnVTT6iT1++WKW3PnQKvEy0kFcjT65a/eICKJoNIQjrXuem5s/Awrwwin01Iv0TTGZIyHtGupxIJqP5sfPEVnVhmgMFK2pEFz9fdEhoXWqQhsp8BmpJe9mfif101MeO1nTMaJoZIsFoUJRyZCs+/RgClKDE8twUQxeysiI6wwMTajkg3BW355lbQuap5b8+4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwpNj+Y=</latexit><latexit sha1_base64="7BkQpthZx7gMenfGZO7+wIzk+4M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsh7VKyabYNTbJLkpUuS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDBpTH2Bh5KFjGBjpUfUnVTT6iT1++WKW3PnQKvEy0kFcjT65a/eICKJoNIQjrXuem5s/Awrwwin01Iv0TTGZIyHtGupxIJqP5sfPEVnVhmgMFK2pEFz9fdEhoXWqQhsp8BmpJe9mfif101MeO1nTMaJoZIsFoUJRyZCs+/RgClKDE8twUQxeysiI6wwMTajkg3BW355lbQuap5b8+4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwpNj+Y=</latexit><latexit sha1_base64="7BkQpthZx7gMenfGZO7+wIzk+4M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7Iuix6MVjBfsh7VKyabYNTbJLkpUuS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDBpTH2Bh5KFjGBjpUfUnVTT6iT1++WKW3PnQKvEy0kFcjT65a/eICKJoNIQjrXuem5s/Awrwwin01Iv0TTGZIyHtGupxIJqP5sfPEVnVhmgMFK2pEFz9fdEhoXWqQhsp8BmpJe9mfif101MeO1nTMaJoZIsFoUJRyZCs+/RgClKDE8twUQxeysiI6wwMTajkg3BW355lbQuap5b8+4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifPwpNj+Y=</latexit>

[x, y, x2, . . . , xy2, y3]
<latexit sha1_base64="Bsi9xEzH8VuMH2FNRiNgXsZSUlY=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhMURVUpBgrGBhLBK9SGlaOY7bWnWcyHZQo6gDC6/CwgBCrDwEG2+D22aAll+y9Ok/5+j4/H7MqFS2/W0U1tY3NreK26Wd3b39A/PwqCWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3wzq7cfiJA04vcqjYkXoiGnA4qR0lbfLEPoTqzUmvRqVpcFkZLWJNWc9s69vlmxq/ZccBWcHCogV6NvfnWDCCch4QozJKXr2LHyMiQUxYxMS91EkhjhMRoSVyNHIZFeNj9iCk+1E8BBJPTjCs7d3xMZCqVMQ193hkiN5HJtZv5XcxM1uPIyyuNEEY4XiwYJgyqCs0RgQAXBiqUaEBZU/xXiERIIK51bSYfgLJ+8Cq1a1bGrzt1FpX6dx1EEZXACzoADLkEd3IIGaAIMHsEzeAVvxpPxYrwbH4vWgpHPHIM/Mj5/AET2lpM=</latexit><latexit sha1_base64="Bsi9xEzH8VuMH2FNRiNgXsZSUlY=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhMURVUpBgrGBhLBK9SGlaOY7bWnWcyHZQo6gDC6/CwgBCrDwEG2+D22aAll+y9Ok/5+j4/H7MqFS2/W0U1tY3NreK26Wd3b39A/PwqCWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3wzq7cfiJA04vcqjYkXoiGnA4qR0lbfLEPoTqzUmvRqVpcFkZLWJNWc9s69vlmxq/ZccBWcHCogV6NvfnWDCCch4QozJKXr2LHyMiQUxYxMS91EkhjhMRoSVyNHIZFeNj9iCk+1E8BBJPTjCs7d3xMZCqVMQ193hkiN5HJtZv5XcxM1uPIyyuNEEY4XiwYJgyqCs0RgQAXBiqUaEBZU/xXiERIIK51bSYfgLJ+8Cq1a1bGrzt1FpX6dx1EEZXACzoADLkEd3IIGaAIMHsEzeAVvxpPxYrwbH4vWgpHPHIM/Mj5/AET2lpM=</latexit><latexit sha1_base64="Bsi9xEzH8VuMH2FNRiNgXsZSUlY=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhMURVUpBgrGBhLBK9SGlaOY7bWnWcyHZQo6gDC6/CwgBCrDwEG2+D22aAll+y9Ok/5+j4/H7MqFS2/W0U1tY3NreK26Wd3b39A/PwqCWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3wzq7cfiJA04vcqjYkXoiGnA4qR0lbfLEPoTqzUmvRqVpcFkZLWJNWc9s69vlmxq/ZccBWcHCogV6NvfnWDCCch4QozJKXr2LHyMiQUxYxMS91EkhjhMRoSVyNHIZFeNj9iCk+1E8BBJPTjCs7d3xMZCqVMQ193hkiN5HJtZv5XcxM1uPIyyuNEEY4XiwYJgyqCs0RgQAXBiqUaEBZU/xXiERIIK51bSYfgLJ+8Cq1a1bGrzt1FpX6dx1EEZXACzoADLkEd3IIGaAIMHsEzeAVvxpPxYrwbH4vWgpHPHIM/Mj5/AET2lpM=</latexit><latexit sha1_base64="Bsi9xEzH8VuMH2FNRiNgXsZSUlY=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhMURVUpBgrGBhLBK9SGlaOY7bWnWcyHZQo6gDC6/CwgBCrDwEG2+D22aAll+y9Ok/5+j4/H7MqFS2/W0U1tY3NreK26Wd3b39A/PwqCWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3wzq7cfiJA04vcqjYkXoiGnA4qR0lbfLEPoTqzUmvRqVpcFkZLWJNWc9s69vlmxq/ZccBWcHCogV6NvfnWDCCch4QozJKXr2LHyMiQUxYxMS91EkhjhMRoSVyNHIZFeNj9iCk+1E8BBJPTjCs7d3xMZCqVMQ193hkiN5HJtZv5XcxM1uPIyyuNEEY4XiwYJgyqCs0RgQAXBiqUaEBZU/xXiERIIK51bSYfgLJ+8Cq1a1bGrzt1FpX6dx1EEZXACzoADLkEd3IIGaAIMHsEzeAVvxpPxYrwbH4vWgpHPHIM/Mj5/AET2lpM=</latexit>

[x, y, x2, . . . , xy3, y4]
<latexit sha1_base64="Z3MN1kcQviWn7QXQbJx1KJe5uKQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJLUgi6LblxWsA9I0zKZTNuhk0yYmUhD6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPHzMqlW1/G2vrG5tb24Wd4u7e/sGheXTckjwRmDQxZ1x0fCQJoxFpKqoY6cSCoNBnpO2Pb2Z++4EISXl0r9KYeCEaRnRAMVJa6pslCN2JlVqTXtXqsoAraU3S3oWV9mpe3yzbFXsOuEqcnJRBjkbf/OoGHCchiRRmSErXsWPlZUgoihmZFruJJDHCYzQkrqYRCon0svkTU3imlQAOuNAVKThXf09kKJQyDX3dGSI1ksveTPzPcxM1uPIyGsWJIhFeLBokDCoOZ4nAgAqCFUs1QVhQfSvEIyQQVjq3og7BWX55lbSqFceuOHe1cv06j6MASuAUnAMHXII6uAUN0AQYPIJn8ArejCfjxXg3Phata0Y+cwL+wPj8AUgElpU=</latexit><latexit sha1_base64="Z3MN1kcQviWn7QXQbJx1KJe5uKQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJLUgi6LblxWsA9I0zKZTNuhk0yYmUhD6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPHzMqlW1/G2vrG5tb24Wd4u7e/sGheXTckjwRmDQxZ1x0fCQJoxFpKqoY6cSCoNBnpO2Pb2Z++4EISXl0r9KYeCEaRnRAMVJa6pslCN2JlVqTXtXqsoAraU3S3oWV9mpe3yzbFXsOuEqcnJRBjkbf/OoGHCchiRRmSErXsWPlZUgoihmZFruJJDHCYzQkrqYRCon0svkTU3imlQAOuNAVKThXf09kKJQyDX3dGSI1ksveTPzPcxM1uPIyGsWJIhFeLBokDCoOZ4nAgAqCFUs1QVhQfSvEIyQQVjq3og7BWX55lbSqFceuOHe1cv06j6MASuAUnAMHXII6uAUN0AQYPIJn8ArejCfjxXg3Phata0Y+cwL+wPj8AUgElpU=</latexit><latexit sha1_base64="Z3MN1kcQviWn7QXQbJx1KJe5uKQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJLUgi6LblxWsA9I0zKZTNuhk0yYmUhD6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPHzMqlW1/G2vrG5tb24Wd4u7e/sGheXTckjwRmDQxZ1x0fCQJoxFpKqoY6cSCoNBnpO2Pb2Z++4EISXl0r9KYeCEaRnRAMVJa6pslCN2JlVqTXtXqsoAraU3S3oWV9mpe3yzbFXsOuEqcnJRBjkbf/OoGHCchiRRmSErXsWPlZUgoihmZFruJJDHCYzQkrqYRCon0svkTU3imlQAOuNAVKThXf09kKJQyDX3dGSI1ksveTPzPcxM1uPIyGsWJIhFeLBokDCoOZ4nAgAqCFUs1QVhQfSvEIyQQVjq3og7BWX55lbSqFceuOHe1cv06j6MASuAUnAMHXII6uAUN0AQYPIJn8ArejCfjxXg3Phata0Y+cwL+wPj8AUgElpU=</latexit><latexit sha1_base64="Z3MN1kcQviWn7QXQbJx1KJe5uKQ=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJLUgi6LblxWsA9I0zKZTNuhk0yYmUhD6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HuPHzMqlW1/G2vrG5tb24Wd4u7e/sGheXTckjwRmDQxZ1x0fCQJoxFpKqoY6cSCoNBnpO2Pb2Z++4EISXl0r9KYeCEaRnRAMVJa6pslCN2JlVqTXtXqsoAraU3S3oWV9mpe3yzbFXsOuEqcnJRBjkbf/OoGHCchiRRmSErXsWPlZUgoihmZFruJJDHCYzQkrqYRCon0svkTU3imlQAOuNAVKThXf09kKJQyDX3dGSI1ksveTPzPcxM1uPIyGsWJIhFeLBokDCoOZ4nAgAqCFUs1QVhQfSvEIyQQVjq3og7BWX55lbSqFceuOHe1cv06j6MASuAUnAMHXII6uAUN0AQYPIJn8ArejCfjxXg3Phata0Y+cwL+wPj8AUgElpU=</latexit>

r(x, y) = 100 ⇤ (y � x2)2 + (1� x)2

f(x, y) =

⇢
-1 if r(x, y) < T
1 otherwise

<latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit><latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit><latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit><latexit sha1_base64="pXYfhNGA+WEqXDskol20bCZ839c="></latexit>

Rosenbrock:



2810%noise
<latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit>

5%noise
<latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit>

[x, y, x2, . . . , xy7, y8]
<latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit>

5%noise
<latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit>

10%noise
<latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit>



2910%noise
<latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit>

5%noise
<latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit>

[x, y, x2, . . . , xy7, y8]
<latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit><latexit sha1_base64="ZyWtkRFwnR48UvfWw58bv7+PYjw=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchJIUoV0W3bisYB+QpmUymbRDJ5kwM5GG0IUbf8WNC0Xc+hHu/Bunj4W2HrhwOOde7r3HTxiVyra/jY3Nre2d3cJecf/g8OjYPDltS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vHHNzO/80CEpDy+V1lCvAgNYxpSjJSWBmYJQndiZdakX7V6LOBKWpOsX7Oyft0bmGW7Ys8B14mzJGWwRHNgfvUCjtOIxAozJKXr2InyciQUxYxMi71UkgThMRoSV9MYRUR6+fyJKbzQSgBDLnTFCs7V3xM5iqTMIl93RkiN5Ko3E//z3FSFdS+ncZIqEuPFojBlUHE4SwQGVBCsWKYJwoLqWyEeIYGw0rkVdQjO6svrpF2tOHbFubsqN66XcRRACZyDS+CAGmiAW9AELYDBI3gGr+DNeDJejHfjY9G6YSxnzsAfGJ8/VDyWnQ==</latexit>

5%noise
<latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit><latexit sha1_base64="f6SjXWcLnfYtP3PiEGsBEm9Rzus=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBkPAU9gVRY9BLx4jmAckS5id9CZDZmeWmVkhhHyGFw+KePVrvPk3TpI9aLSgoajqprsrSgU31ve/vMLa+sbmVnG7tLO7t39QPjxqGZVphk2mhNKdiBoUXGLTciuwk2qkSSSwHY1v5377EbXhSj7YSYphQoeSx5xR66QuIZe9KpGKG+yXK37NX4D8JUFOKpCj0S9/9gaKZQlKywQ1phv4qQ2nVFvOBM5KvcxgStmYDrHrqKQJmnC6OHlGqk4ZkFhpV9KShfpzYkoTYyZJ5DoTakdm1ZuL/3ndzMbX4ZTLNLMo2XJRnAliFZn/TwZcI7Ni4ghlmrtbCRtRTZl1KZVcCMHqy39J67wW+LXg/qJSv8njKMIJnMIZBHAFdbiDBjSBgYIneIFXz3rP3pv3vmwtePnMMfyC9/ENiRmQHA==</latexit>

10%noise
<latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit><latexit sha1_base64="eRXsdC0bTWoBVIacuQAF79e2Ku4=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYAh4Crsi6DHoxWME88BkCbOT3mTI7MwyMyuEkL/w4kERr/6NN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86oddJj4HcrRCpusFcq+1V/DrJKgpyUIUe9V/rq9hXLEpSWCWpMJ/BTG06otpwJnBa7mcGUshEdYMdRSRM04WR+8ZRUnNInsdKupCVz9ffEhCbGjJPIdSbUDs2yNxP/8zqZja/DCZdpZlGyxaI4E8QqMnuf9LlGZsXYEco0d7cSNqSaMutCKroQguWXV0nzohr41eD+sly7yeMowCmcwTkEcAU1uIM6NICBhGd4hTfPeC/eu/exaF3z8pkT+APv8wdFBI/+</latexit>
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Polynomial SVM

• A higher-degree polynomial expansion yields a more flexible boundary. 

• It also increases the dimensionality of the problem.

• The computational complexity of training SVMs grows like the cube of 

the dimension. 


—> Inherent limitation of polynomial SVMs. 
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Another Way to Map to a Higher Dimension

People Detection in Images
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Training Data
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Histogram of Oriented Gradients
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Training:

•Represent each example window by a HOG 
classifier.


•Train a linear classifier.

Testing:

• Sliding window classifier.

y(x;w, w0) = �(wTx+ w0)

⇡ p(t = 1,x)
<latexit sha1_base64="PdI6C/fa/fUGZEZOXQhaD+4PxpE="></latexit><latexit sha1_base64="PdI6C/fa/fUGZEZOXQhaD+4PxpE="></latexit><latexit sha1_base64="PdI6C/fa/fUGZEZOXQhaD+4PxpE="></latexit><latexit sha1_base64="PdI6C/fa/fUGZEZOXQhaD+4PxpE="></latexit>
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Cover’s Theorem
A complex pattern-classification problem, cast in a high-dimensional space nonlinearly, is more likely to 
be linearly separable than in a low-dimensional space, provided that the space is not densely populated.


Geometrical and Statistical properties of systems of linear inequalities with applications,1965

N : Dimension of space

p : Number of samples

C(p,N)

2p
: Percentage of separable partitions

<latexit sha1_base64="j+KAeIpmHlEah+tbOvsj8qTrKZU="></latexit><latexit sha1_base64="j+KAeIpmHlEah+tbOvsj8qTrKZU="></latexit><latexit sha1_base64="j+KAeIpmHlEah+tbOvsj8qTrKZU="></latexit><latexit sha1_base64="j+KAeIpmHlEah+tbOvsj8qTrKZU="></latexit>



p\n N=1 N=2 N=3
p=1
p=2
p=3
p=4
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Optional: Recursive Computation

p\n N=1 N=2 N=3
p=1 2 2 2
p=2 3
p=3 4
p=4 5

8n , C(1, n) = 2

8p , C(p, 1) = p+ 1
<latexit sha1_base64="IYXWnGRQ/C3ofAq8wVxrGBOdEAo="></latexit><latexit sha1_base64="IYXWnGRQ/C3ofAq8wVxrGBOdEAo="></latexit><latexit sha1_base64="IYXWnGRQ/C3ofAq8wVxrGBOdEAo="></latexit><latexit sha1_base64="IYXWnGRQ/C3ofAq8wVxrGBOdEAo="></latexit>

C(p,N) = C(p� 1, N) + C(p� 1, N � 1)
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High Dimension is Good
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Figure 1: C(p,N)/2p (fraction of linearly separable partitions) plotted against p/N for three different N values.
The solid line uses the exact expression for C(p,N), i.e. Equation 5, the circles use the Gaussian approximation in
Equation 11.

For large p, one can use the Gaussian approximation of the binomial coefficients:
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Here, Φ(n;m, k) denotes the cdf of a Gaussian with mean m and variance k evaluated at n. In the large p limit, we
can also replace p+ 1 with p on the left-hand side to get (circles in Figure 1):
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2

When N is large, almost all 
partitions are separable if the 
number p of samples is less 
than 2N.
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Problem Solved?
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Figure 1: C(p,N)/2p (fraction of linearly separable partitions) plotted against p/N for three different N values.
The solid line uses the exact expression for C(p,N), i.e. Equation 5, the circles use the Gaussian approximation in
Equation 11.

For large p, one can use the Gaussian approximation of the binomial coefficients:
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Here, Φ(n;m, k) denotes the cdf of a Gaussian with mean m and variance k evaluated at n. In the large p limit, we
can also replace p+ 1 with p on the left-hand side to get (circles in Figure 1):
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• Facebook or Google deal with BILLIONS of images.

• p and therefore N should be of that magnitude.

• Dealing with matrices of dimension NxN is impractical.   

Operating range
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Neither Solved nor Hopeless

Bad news: 


• The ratio of the number of points 
to the dimension must be less 
than 2.


• The dimension must be huge for 
large databases.


• As the dimension increases, the 
boundaries become increasingly 
irregular and sensitive to noise. 

Good news: 


• The world is structured and the 
points we want to classify are 
NOT randomly distributed.


• We can compute feature vectors 
that are “close” for objects that 
belong to the same class.
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Dimensionality Reduction

• The MNIST images are 28x28 arrays.

• They are not uniformly distributed in R784.

• In fact they exist on a low dimensional manifold. 
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Face Images

• The same can be said about face images.

•  And of many other things. 

—> Non linear classification is a practical proposition.

Fan et al.  AVBPA’05
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Increasing the Dimension Further

Can we increase the dimension massively: 

• in a principled way, 

• while keeping the computational burden 

down?


—>  Non-linear support vector machines that 
use the so-called kernel trick. 
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Reminder: Polynomial SVM

 ,


subject to .


• C is constant that controls how costly constraint violations are.

• The problem is still convex.

w* = min(w,{ξn})
1
2

| |w | |2 + C
N

∑
n=1

ξn

∀n, tn ⋅ (w̃ ⋅ ϕ(x)n) ≥ 1 − ξn and ξn ≥ 0

M =1 M = 2 M = 5 
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Polynomial SVM w/o Slack 
Variables

• For simplicity


 ,


subject to .


• We will re-introduce the slack variables later.


—> Constrained optimization.

w* = minw
1
2

| |w2 | |

∀n, tn ⋅ (w̃ ⋅ ϕ(x)n) ≥ 1



45

Reminder: Constrained Optimization

• Minimize subject to .

• At the constrained minimum


 

• l is known as a Lagrange multiplier.

f(x, y) g(x, y) ≤ c

∃λ ∈ R, ∇f = λ∇g

• Blue dotted lines are “level” lines.

• In this example, d1 < d2 < d3. 

• The blue arrows represent .

• The red arrows represent .

∇f
∇g

Global minimum

Constrained minimum

g(x, y) < c

g(x, y) > c
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Reminder: Lagrangian Formulation

Lagrangian:


 
L(w, Λ) =

1
2

∥w∥2 −
N

∑
n=1

λn(tnw̃ ⋅ ϕ(xn) − 1)

Λ = [λ1, …, λn]

Theorem:
A solution of the constrained minimization problem must be such that L is
minimized with respect to the components of vector w and maximized with
respect to the Lagrange multipliers, which must remain greater or equal to
zero.

<latexit sha1_base64="7cY5GTCQ/9wRuevLDYk+fSbYudU="></latexit><latexit sha1_base64="7cY5GTCQ/9wRuevLDYk+fSbYudU="></latexit><latexit sha1_base64="7cY5GTCQ/9wRuevLDYk+fSbYudU="></latexit><latexit sha1_base64="7cY5GTCQ/9wRuevLDYk+fSbYudU="></latexit>

Lagrange multipliers. 
One per constraint.

Bishop, Chapter 7.1



47

 L(w, Λ) =
1
2

∥w∥2 −
N

∑
n=1

λn(tnw̃ ⋅ ϕ(xn) − 1)

Optional: Minimizing the Lagrangian

Setting the derivatives of L(w,⇤) to zero with respects to the elements of w
and b yieds

w =
NX

n=1

�ntn�(xn) ,

0 =
NX

n=1

�ntn .
<latexit sha1_base64="xW4XJmIaubXsuKfylv75Xn/ubp0="></latexit>

w = ∑
n

λntnϕ(xn)
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Optional: Dual Problem

—> Quadratic programming problem with N variables.

—> Complexity in O(N3) instead of O(D3). 

Therefore, we minimize

L̃(⇤) = L(w,⇤) =
NX

n=1

�n � 1

2

NX

n=1

NX

m=1

�n�mtntmk(xn,xm)

subject to

�n � 0 8n ,
NX

n=1

�ntn = 0

and with

k(x,x0) = �(x)T�(x0) .
<latexit sha1_base64="XrBMCOqWvDDytSrCWpsHl460zHc="></latexit>
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Support Vectors

• Only for a subset of the data points is ln is non zero.

• The are denoted by green circles.  

• The corresponding xn are the support vectors and satisfy tny(xn)=1. 

• They are the only ones that need to be considered as test time.


—> That is what makes SVMs practical!

w =
NX

n=1

�ntn�(xn) .

y(x) = wT�(x) + b ,

=
NX

n=1

�ntnk(x,xn) + b ,

with k(x,x0) = �(x)T�(x0) .

<latexit sha1_base64="vJWoQca6/7nXC3CenllVwFXDm+4="></latexit>
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At Inference Time

• Only for a subset of the data points is an is non zero. 

• The feature vector f(x) does not appear explicitly anymore. 

• The kernel function k(.,.) can be understood as a similarity measure. 

y(x) =
N

∑
n=1

λntnk(x, xn) + b

= ∑
n∈𝒮

λntnk(x, xn) + b
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The Kernel Trick

• f is implicit: In practice, we never compute it. 

• We only need to compute k.

• This is known as the kernel trick and is used in 

many different algorithms besides SVMs. 

y(x) = ∑
n∈𝒮

λntnk(x, xn) + b

k(x, x′￼) = ϕ(x)Tϕ(x′￼)
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Role of the Kernel

Polynomial kernels: From small to high dimension.

Gaussian   kernels: From small to infinite dimension.



y(x) =
NX

n=1

antnk(x,xn) + b ,

k(x,x0) = 1 + (xTx0)d (Polynomial terms up to degree d).

k(x,x0) = exp(�kx� x0k2

�2
) (Gaussian, feature space of infinite dimension).

<latexit sha1_base64="829leCbKeFoDYSffavHhY4+c/Pc="></latexit><latexit sha1_base64="829leCbKeFoDYSffavHhY4+c/Pc="></latexit><latexit sha1_base64="829leCbKeFoDYSffavHhY4+c/Pc="></latexit><latexit sha1_base64="829leCbKeFoDYSffavHhY4+c/Pc="></latexit>

53

Influence of the Kernel

λn
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[x, y, x2, . . . , xy7, y8]
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Rbf,  = 1.0σ Rbf,  = 0.01σ

Rbf,  =10.0
σ
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Back to Cover’s Theorem
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Figure 1: C(p,N)/2p (fraction of linearly separable partitions) plotted against p/N for three different N values.
The solid line uses the exact expression for C(p,N), i.e. Equation 5, the circles use the Gaussian approximation in
Equation 11.

For large p, one can use the Gaussian approximation of the binomial coefficients:
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where N (n; m
2
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4
) denotes the pdf of a Gaussian distribution with mean m

2
and variance m

4
evaluated at n. Equa-

tion 6 is valid for large m. Using this approximation in Equation 5, we have:

C(p+ 1, N)

2p+1
≈
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(large N) (10)

Here, Φ(n;m, k) denotes the cdf of a Gaussian with mean m and variance k evaluated at n. In the large p limit, we
can also replace p+ 1 with p on the left-hand side to get (circles in Figure 1):
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• Good news: Working with a Gaussian kernel virtually 
makes the dimension as large as the number of samples. 


• Bad news: It is still not ideal for very large values of the 
number of points N due to the O(N3) computational 
complexity. 
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Overlapping Class Distributions

• Some training examples must be allowed to be misclassified.

• Cannot satisfy all the hard constraints.

• For linear SVMs, we used slack variables to achieve this.

• For kernel SVMs, we can do so by bounding the Lagrange multipliers. 

Some blues among the reds 
and some reds among the 
blues.
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Optional: Dual Problem with Slack Variables

We now minimize

L̃(⇤) = L(w,⇤) =
NX

n=1

�n � 1

2

NX

n=1

NX

m=1

�n�mtntmk(xn,xm)

subject to

8n, 0  �n  C ,
NX

n=1

�ntn = 0

and with

k(x,x0) = �(x)T�(x0) .

<latexit sha1_base64="/AEWEKGOXLyKJUqfjCcRMbQ7cAY="></latexit>

ln cannot become infinite and therefore some of the constraints can be violated.

Bishop, Chapter 7.2
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     where S is the set of support vectors.

• ln < C: xn lies on the margin.

• ln = C: xn lies inside the margin.

y(x) = ∑
n∈𝒮

λntnk(x, xn) + b

Finally a Simple Usable Formula

The green circles denote the support vectors. 
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Rbf,  = 1.0, C=1.0
σ

Rbf,  = 1.0, C= 100.0
σ Rbf,  = 1.0, C= 0.1σ
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Rbf,  = 1.0, C = 1.0σ

Rbf,  = 0.1, C = 1.0σ Rbf,  = 0.05, C = 1.0σ
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Non-Separable Distributions

The slack variables allow some training points to be misclassified.


• A large s sigma tends to smooth the decision boundary.

• A large C tends to minimize the number of misclassified training points. 


             —> Validation data is required to choose them properly. 



62

Recognizing Hand-Written Digits

Test sample Nearest neighbors
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k-Nearest Neighbors vs SVM 

on 


MNIST

• Better accuracy.

• But the kernel and its parameters must be well 

chosen. 

Knn: 96.8% Rbf-SVM: 98.6%
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SVMs in Short

• The data can be separable in a high-
dimensional feature space without being 
separable in the input space.


• Classifiers can be learned in the feature space 
without having to actually perform the mapping.


• However the O(D3) or O(N3) complexity at 
training time makes it hard to exploit large 
training sets.  
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Reminder: SLIC Superpixels

• Superpixel segmentations with centers on 
a 64x64, 256x256, and 1024x1024 grid.


• Can be used to describe the image in 
terms of a set of small regions.

64x64

256x2561024x1024

256x256
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Optional: Electron Microscopy

Let us SVMs to model structures of interest!
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Optional: Mitochondria Segmentation
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Optional: Assigning Probabilities

• Compute image features for each superpixel.  

• Train an SVM classifier to assign a probability 

to be within a mitochondria.

• Can be used to produce segmentations using 

graph-based techniques.
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Optional: 3D Mitochondria

Lucchi et al. TMI’11
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Optional: Modeling Membranes

• Explicitly model membranes as separate regions 
and exploit the fact that the inside is enclosed 
within them to retain the graph cut formulation.

Lucchi et al. MICCAI’14

Here we use three classes instead of two: 

• Inside

• Membrane

• Everything else


—>Because the inside is fully enclosed by the membranes, we 
can still find a global optimum. 
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Optional: Speeding up the Analysis
3.21 µm × 3.21 µm × 1.08 µm: 53 mitochondria

• By hand: 6 hours. 

• Semi-automatically: 1.5 hours 

—> Substantial time saving for the neuroscientists. 

Automated result Interactively cleaned-up result
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• Let (xn, tn)1nN be N training pairs where the xn are d dimensional

and the tn D dimensional.

• Let y be the function defined as y(x) = wT�(x), where w is a M ⇥ D
matrix, and � denotes a function from Rd

to RM
.

Our goal is to minimize

J(w) =
1

2
⌃

N
n=1||wT�(xn)� tn||2 +

�

2
||w||2 ,

with respect to w.
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• Let (xn, tn)1nN be N training pairs where the xn are d dimensional

and the tn D dimensional.

• Let y be the function defined as y(x) = wT�(x), where w is a M ⇥ D
matrix, and � denotes a function from Rd

to RM
.

Our goal is to minimize

J(w) =
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2
⌃

N
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2
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with respect to w.
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Optional: Non-Linear Regression

• Let (xn, tn)1nN be N training pairs where the xn are d dimensional

and the tn D dimensional.

• Let y be the function defined as y(x) = wT�(x), where w is a M ⇥ D
matrix, and � denotes a function from Rd

to RM
.

Our goal is to minimize

J(w) =
1

2
⌃

N
n=1||wT�(xn)� tn||2 +

�

2
||w||2 ,

with respect to w.
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}
Data term

}
Regularization term
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Optional: Kernel Trick Again

f does not appear explicitly anymore!

Let an = 1
�{w

T�(xn)� tn}. It can be shown that the minimum is achieved for

2

4
aT1
...
aTN

3

5 = (K+ �I)�1

2

4
tT1
...
tTN

3

5 ,

where K is the N ⇥N symmetric Gram matrix with elements

Kn,m = �(xn)
T�(xm) = k(xn,xm) .

<latexit sha1_base64="yh3l1ZRNlEXHbKVuBYZtRJ79Up8="></latexit>

Therefore

y(x) = wT�(x) = k(x)(K+ �I)�1

2

4
tT1
...
tTN

3

5 ,

where k(x) = [k(x,x1), ..., k(x,xN )]T .
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Optional: Gaussian Processes

0 0.5 1 1.5 2 2.5 3 3.5 4
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

⇥ = [✓0, ✓1, ✓2, ✓3] is the vector of hyper-parameters.
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y(x) = k(x)(K+ �I)�1

2

4
tT1
...
tTN

3

5 ,

Kn,m = k(xn,xm) ,

k(x) = [k(x,x1), ..., k(x,xN )]T ,

k(x,x0) = ✓0(exp(�(
✓1
2
||x� x0||2) + ✓2 + ✓3x

Tx0) .
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Application: Rainfall in Switzerland
The circles represent actual measurements

This is how the rainfall map was generated.


