
NCAAlecture 2

Recurrence & transience

Let ( Xn. ,
n za ) be a Markov chain with state space S

,

initial distribution T
" ' & transition matrix P

.

For i es
,

define fi i  =P ( Fuze such that Xiii I Xo Ei ) e for ]

=P ( ¥ { Xii } IX. si )

Definition : . A state ie S is recurrent if fii  = I

. A state ie s is transientiffii c I

Remark : recurrent does not mean

"

?n.EE.s.tt?H..-ilfo.IiI7!



Examples :

② → ④
¥

no a

- . ÷①÷a÷o÷o÷⇐ - -

Pt 9=1

Ocp , get



Facts :

. In a given equivalence class
,

either all states

are recurrent
,

or all States are transient
.

• In a finite chair ( i.e
. withS finite )

,
an equivalence

class is recurrent off there is no arrow leading out

of it
.

In particular ,
a finite & irreducible chain

is recurrent
.

. In an infinite chain
, things are more complicated .



Recurrence & transience of  infinite chairs

Preliminary step :

Define : pi !
"

=p, Cn )=P ( Kei I Xo = i ) I convention : Pii lol -- If
-

- - - - - - - -
- -

fiih-fi.cn
) =P ( Kei

, K
. .

Ei
,

. . .

,
X. til Xo = i )

-

first return hue ( convention : fii 67=0 ]
to state i = n

Lemma : Vn 21
,

VIES
,

we have :

PiiCa ) = film ) .

pi
.

. G - m )



Proof : Let

{
An = { Kei } pain -

- PC An I Xo = i )

Bu -
- { Kei

,
Xu

.

.fi .  -
- Keli } film - P ( But Xo = i )

Observation : if An happens
,

then it must be the case

that are of the events Be
. .  . Bn also happens

.

i.e
.

An c Bm
- - - - - . -

- - - .

piihl-PCA.li/o=i)=PCAnn#Bn.)lXo=i)
= PC Ann Bnl Xo -

- i ) -

- In PCA IBM
,

Hi ) -

offs.nl#.i)=IZP(k=iltn=ifhn.nti.....Xrtixo=i).P(xen=i
,

kit icolhtilxei)
- -

Pii A - m ) = film )
#



Proposition
A state i E S is recurrent ( ie

. fii -

- 1 )

Iff

⇐
piiln ) = too

So : a state ie S is transient iff ⇐ Pii (a) Ceos

C ie
. f. ice ) o

Proof :

f.i  =P ( Frize et
.

Xu = i IX
.

= i ) =P An Koei )
=P ( Insist

.

Kei far the first hue I

= PC ¥ But x
.

= i ) = I PC Buk
.

- - - -
-

n za -

To be proven :

For
film = th iff i

Cni = too



Lemma : piicn )
'

= !I film) . Pii Cn - m ) that

= convolution relation → use generating functions !

Define : Pii Cs )=⇐os
"

Pii G) SE IT

{
Fiics ) = ⇐ s

"

film Selo ,
't ]

Fact :( Abel 's Hun )
( et ( an

,
nzo ) be a sequence of numbers s.t.osq.cl

Then Als ) = Fos
"

. an carriages
tides

th

and

{
either hs.ua Als ) = ⇐ an ER

,

on both shy Acs ) = too and ⇐ an =  eos



For o Esc I
,

we have :

Piicsl-te.ES?piiCni#EI..EsYEf...kI-piiCn-mi

)
= It 5-s

" -  m film ) Pii Cn - m )

= It ⇐ ⇐ 55
- m

film ) Pii In - m )

= It Ffs
"

film ) . S
" -

mpii In - m )
- -

= Fiils ) = Foh she prick ) = Pii Cs )

if
.

Pii ( s ) = It Fii ( s ) . Pii Cs ) -

- -
- -  - - - - -

-

Pii (5) =

, -
¥

, ,

to Esch if
.fi#gfiihI-shyfiilst-1So by Abel 's theorem

,

weehave : pi .
= !:p Rails ) = c- as #

- -

E
-

- - - .



Remark :

⇐o Pii K ) =

"

especkd number of visits in state i I Xo = i
"

Examples .

• simple random walk ( in are dimension ) with param . p , g

pooka ) -
(4 pg)

"
-

⇒ ⇐pooka
) = too

?

iff p -7=1
if f- 9=12 : Pookie ⇐ so ⇐ pooka ) diverges

{ if not : apg at so ⇐o pooka) converges

. Smpte random walk oh two dimensions : Poo Gn ) I Inn
Symmetric

So #o Poo ( an ) diverges ⇒ recurrent



Positive and null - recurrence

( et Ti  = if { uz a : Kuei } first recurrence time to state i

i. fii  =P ( Tice as Koei ) f- I off state i is recurrent ]

t.fi
 = fit ) = ⇐ PCT. = n I Xo = i )

Def: ph .  = E ( Ti I Xo = i ) mean recurrence time

. if i is transient
,

then P ( Ti = toolXo - i) so
,

so m .  =
 too

. if i is recurrent
,

then
pg .  = E ( ti IX. = i ) = ⇐ n - Phi . u Heil

= n . f-i
Cn ) E [ 1

,
too ]

Deff:

oi
is positive - recurrent if price as

'

,
- -

. - - - - - - -

is null - recurrent if pi
-

-

to
!

I



Facts
:

. In a given equivalence class
,

either all states are

transient
,

or all states are positive - recurrent
,

or all

stakes are null - recurrent
.

. A finite irreducible is always positive - recurrent
.

Example :

pmP→IsEs →→

① ① ⑥ ① ②
←

- - - peg -
- I-

- -

← ← I ←g ←g9

if ptg : transient chair
- pro = E ITol Xo = o ) =  t as

( PC To = tool Xo = o ) > a )

if p=q=E : recurrent chain - D ( To = to IX.  
so ) = o

but pro = e as null - recurrent



Example . cyclic random walk

4⑥→Pptq-tp@4taQypocp.a
- Iitd②.

r ) S={ o
,

. .
.

,
N - a }

I i L

- .

'

finite
-

-
-

-

chain irreducible

⇒ all states are positive -

recurrent ( poets )

A- : µ .
-- ?


