
NCAAlecture 5

Reversible chains & detailed balance

Def: Let ( tu
,

nzo ) be an ergodic Markov chain with

state space S
.

It is said to be reversible

if its stationary distribution it satisfies the

detailed balance

equation
:
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Remark :

. D= TP does not ensure that eq . ⑦ is satisfied .

• if eq . ④ is satisfied
,

then T=TP
:

@P )j=¥ Ti Pij  
¥ ,⇐Tjpji  = Tj If pji = Tj

¥Kj ES

. why
" reversible " ?

Assume that T " '
= it and look at the chain

backwards in time : W . tf
←

It turns out that if eq . ④ is satisfied ,
then the

backward chair has the same transition probabilities as

the forward chair
.



Examples & counter - examples

• If Fi
, j ES such that pig. > o but pji - o

,
then the

detailed balance equation cannot be satisfied .
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only if p=q=Z !



. If S is finite and the matrix P is hi diagonal
,

is
.

P=o
nanao codenames

then the chair is reversible ( provided it is also ergodic )
.

NBFar the cyclic RW :

P = ( 888⑦09 0 p - - . o⑤ii.igg
)
*



• Consider two urns with N numbered balls
.

neo It
I 2

At each step , pick a number between 1 & N uniformly at random
;

take the ball with this number and put it in the other am
.

State of the charm : Xu = It balls in urn I at Line n

Transition probabilities : pi ,
it ,

= N
, pi ,

in
= in tnidiagard

Detailed balance : it ; pi ,
ien

= Tien pier ,
i i.e . Ti N = Tien r

so Tien =F - Ti  ⇒ Ti  =cn÷YYN To = ( ? ) . To

& It Ti  =L
 ⇒ To = 11 ⇐o( Ni ) = 112N



Rate of convergence

Let K
,

n so ) be an ergodic Marka chain an S

with transition matrix P
,

initial distribution Tco '

and stationary and hunting distribution T
.

Moreover
,

we assume :

. S is finite,
ie

.

,
151 = N

.

• detailed balance holds
,

i.e
.

,
Ti pig.  = Tj pji kisses

.

Our aim : to find an upper bound on
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Eigenvalues and eigenvectors of P

Define a new matrix Q as follows : gig .  = Fu
.

.

. pig.

. # isies

Their . gii  = Pii ties

. gij Zo times
,

but ¥s gig.  It in general

• gig
.

 =9ji tis je S
,
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.

Q is symmetric :

Indeed : gji  = Fj Pgi ¥
.

= - Tj Pji

( detailed balance ) =
. Tipig . = Fi Rj ¥ =9ij #



Spectral theorem

As Q is symmetric ,
there exist real numbers to 742 - -

Z In
- a ( = the eigenvalues of Q ) and vectors u

'd
. . .

uh - M

f- the eigenvectors of Q ) such that Qu ' "
= 1a UH foe Ken -1

Moreover
,

um
,

. . . ,U" "

forms an orthonormal basis of MN
.

Proposition
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.
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Facts about the eigenvalues of P ( to be proven next week ) :
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exercise !

Define A
*

= yyq.sn?.HulEmax{ In
,

- Ine . } s I

Theorem : Under all the above assumptions ( ergodic chair
,

finite S
,

detailed balance )
,

it holds that

N P
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Two moredefinitions

. The spectral gap of the chain is defined as follows :

J = I - 1¥ C- ] o
,
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the larger they ,
the fastenthe convergence

t

. The mixing time of the drain is defined as follows :

Far a green E > o

, Te = if { nzn :

image
N Pin - a- An EE }

Hav does Te behave in terms of N = ISI ?



Example : cyclic random walk an S -
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Eigenvalues of P : In . cos (FI ) k=o
.  .

n - a (Eisenman)
( P - circular matrix )

,
.

, ÷:p!;!;÷
←Wiseman :

.
. not ergodic

1=-1
.

- 1*-1
•

a ⇐no convergence )



Node : 1*-1 cos ( HII ) I
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