Homework 4 Solution
Traitement Quantique de I'Information

Exercise 1 Polarization observable and measurement principle

1) In Homework 3, we have checked that (a|a) = (ay]|ay) = 1 and {(a|ar) = (ai]a) = 0.
Therefore, we have

I = |} {e|a) (o] = |a) (af =11,
2, = |aL) {ailar) (o] = lar) (ai| =Ta,
L, = [a) (alar) (e[ =0
I, Iy = ay) (ar]a) (@f =0

[ (Bla) [* = (Bloy) (Bla)” = (Blar) (al6)) = (0] 11a |0},
[ {Blas) [* = (Olas) (Plor)” = (Bla) {ar]0) = (0] a, |0)

3) The probabilities are

Prob(p = +1) 2

1) = | {a]d) |* = |cosacos § + sin asin 8> = (cos(§ — a))
Prob(p = —1) = | (a|0) |* = | — sina cos § + cos asin 0* = (sin(f — a))?
and they sum to 1,

Prob(p = +1) + Prob(p = —1) = (cos(f — a))* + (sin(d — a))* = 1

4) The expectation is

Elp] = (+1)Prob(p = +1) + (—1)Prob(p = —1)
= (cos(f — ))? — (sin( — a))?
= cos (2(6 — a))

and the variance is



In fact they should match with the computation in Dirac notation because
(0] Pa|0) = (0] (+1)IL, + (— DL, ) |0)

(+1) (0] 1o |0) + (=1) (0] Lo, [6)

= (+1)Prob(p = +1) + (—1)Prob(p = —1)

= Elp]

and
(0] P2 10) = (0] ((+1 —1), )" [0)
= (0 (H — o 11, + 112 ) |6)
= (0] (s )
= (+1)? <9|Ha|9> (—1)% (0| 114, 16)
= (+1)*Prob(p = +1) + (—1)*Prob(p = —1)
= E[p’]

thereby giving E[p] = (0] P, |6) and Var(p) = E[p?] — (E[p])* = (8] P2|0) — (8] P, |0)*.

Exercise 2 Interferometer with an atom on the ray

1) The matrices in Dirac notation are

) (H| + — [H) (V] +

) (H| = ) (V| + [abs) (abs|

1 1
5= 5 \/_ H f|v i
= |H) (V| + |V) (H| + |abs) (abs|.

To find U = SARS we proceed by steps:

1 1
RS = E|H> (H| —7|H> (VI+ \/—|V> (H|+ \/—|V> <V|+|ab8> (abs] ,

ARS = |H) (abs| + — \/_ VY (H| + — \/_ VY (V]| + — \/_ labs) (H| — \/_ labs) (V|
and finally
1
U=SARS = 5 |H) (H| + = |H) (V|l+— \/_ |H) <abs|
-5 |V> (H| - 5 !V> VI+— \/— V') (abs|
(V1.

abs) (H abs
\/— |abs) (H| — \/— |abs)
2) As SARS|H) = |H) — 3 |V) + \/Li |abs), the probabilities of the three events are

1
Prob(Dy) = | (V| SARS|H) |* = T
Prob(Dy) = | (H| SARS |H) 2 = 411’
Prob(abs) = | (abs| SARS |H) |* = %7

which sum to 1.



3) A legitimate matrix has to be unitary. The first matrix

0 01
0 00
1 00
is not unitary because
0 01 0 01 1 00
000 00 0l=1(000]#I
100 1 00 0 01
The second matrix
1 1
V2 V2
0 1 0
L 0 L
V2 V2
is unitary because
1 1 1 1
sV B\ (" &5 100
0 1 O 0 1 0 =101 0] =1
1 1 1 1
% 0 -5 7% 0 -7 0 01

Thus the second matrix may model the absorption and reemission of the photon. Note
also that this matrix acts like a Hadamard matrix on the subspace {|H) , |abs)}.



