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Proper motions measurements with GAIA
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Figure 2. Comparison between the observed mean proper motion in Galac-
tic longitude corrected for the solar motion (see equation 3) as a function of
[ and the best-fitting model for the four main colour bins used in the analy-
sis. The data clearly display the expected signatures due to the differential
rotation of the Galactic disc. The agreement between the model and the data
is good.
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A=1534+04kms tkpc! B=-11.9+04kms tkpc?
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Stellar Orbits

1%
and the density relation
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Stellar Orbits

Integral of motion and
Surfaces of section



Integrals of motion

A stellar orbit defines a path in the 6-D phase space (z, vy, z, 2, y, 2 In cartesian coordinates)

Definition :

An integral of motion { x,v] is any function of the phase-space co-
ordinates alone that is constant along an orbit:

Ix(t1), v(t)] = I [x(t2), v(t2)]

Examples :
- Hamiltonian H(x,y,z,%,9,2) = F
- Total angular momentum L: L, = cte, Ly, = cte, L, = cte
- z-component of the angular momentum L, = cte

Remarks :

- Orbits may have between 0 to 5 integrals of motion.
- Integrals of motion may exist without an analytical form.



Integrals of motion
Interest of integral of motion :

Restrict the study of an orbit to a subset of the phase space

Example | :
Orbit in spherical potentials

* 6-D 6 indep. variables(z, y, z, &, ¥, 2)

e Angular momentum conservation
3 integrals, 2 among the three

it = L/|L| definesaplane - 4-D 4 indep. variables(r, ¢, 7, @)
 Angular momentum conservation + energy 2 indep. variables (7, ¢)

2 .
r defines a 2-D surface

_ —  the position and velocities of a star (i.e. the position in the phase space )
Given E, L s fylly determined by providing two additional quantities, ex: ., )




Integrals of motion

Is there a fifth integral ?

Example of the Keplerian potential :

We showed that:

with:

1
- Ccos(¢— o) + T

1 2 1 /GM\?
F=5@h) _§<T>

(o)

we have then the new integral of motion:

®9 = ¢ — arccos [é (% — (2_];4)]

- 1-D 1 indep. variable
a curve

(7)

Given E, E, ?o

the position and velocities of a star is fully determined by
providing only one additional quantities, ex: 7




Integrals of motion

Example Il :

Orbit in axi-symmetric potentials

* 6-D 6 indep. variables (x,vy, z,, 7, 2)
* z-component angular momentum conservation
1 integral L, o
0 = 2 5indep. variables (R, z, R, 2,6)
t . . - .
+ Initial azimuth ~ 0(t) = L dt' +6, 4indep.variables (R z R,Z)
Q : /to R2(t") +% ° 4-D  (meridional plane)
* Energy E not an integral, 3 indep. variables (R,z,R)
a constant ! 3_D

Given E. L., 6, thepositionand velocities of a star (in the phase space)
ar;dt ’ is fully determined by providing three additional quantities, ex: R, z R

the position and velocities of a star (in the phase space of the
meridional plane) is fully determined by providing three
additional quantities, ex: R, z, R

Given F

Is there a third integral ?



Surfaces of section

Can we visualize the phase phase and check if an
additional integral of motion exists ?

ldea :

We study the orbits in the meridional plane

¢ 4-D 4 indep. variables (R, z, R, 2)

* Energy FE :
. 3-D 3indep. variables (R, z, R)

* Drawing a 3-D phase space is still not easy. Instead, we draw slices of the phase
space. We plot only phase space points that:

* crossthe z =0 plane
* have z2>0 Surface of section
consequents or Poincaré maps

? q R
/ : i




Surfaces of section

* Apointin the surface of section (for a given E and [, ) defines an orbit as
the three independent variables (R, R, z = 0) are defined.

* Even if orbits have the same energy, they will never intersect in the plane (EoM are first
order diff. equations).

« Zero velocity curve : curve defined by 2 =0

1., 1 .
E:§R2+§z2+@eﬁ(3,z:0) = R EV2[E - ®g(R,z=0)]

R(R) = ++/2[E — ®5(R,z = 0)] defines the accessible region of the
phase space

rl,




Surfaces of section

Examples

Logarithmic potential

1 2
(I)log(R, Z) — 5‘/02 In (Rz + R2 + ;—2)

Vo=1.0 R.=0.1 ¢=0.8
LE — __ —

1.0 4 .

0.5

@2 0.0
—0.5

—-1.0 —§




Effective Potential

0.7 —

|
=
|

|
=

Effective Potential

1.0 —

—-1.1 —

| | | | | | |
0.10 0.15 0.20 0.25 0.30 0.35 0,40 .45

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8 --plotpotential



Invariant curves : Third Integral

=
[t
cn
I
- -
++M

emana,,

000 —

-
&
j
X X
¥
P
Y

—.25 —

—.50 —

—.75 —

~1.00 | | | |
0.0 0.1 0.2 0.3 0.4 0.5

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8 --norbits 15 --nlaps 100



Te Third Tabega@ T (T geren€ non acelyhica?)

Sp\aar: .-_.a..e sbs)-euﬁs . \ ]__ \ = ks 'S r_an..\s:eru-n-k
" o >
Mearpt:) S‘?Leﬁrme ch—Eu\L' Cﬂe 5 L (S v’“-"-"-l’f‘pb G .u]v-c(s Y“‘\@ = - =

Whal s He covve i tue Toivweare wraD thal sabiskes L = cle

2 : 2 ¢ F=0
" Cbliﬂdf‘l.C.MP va*ol;vﬂ\v“/) L = 21 R + L-?. ( )
: 2 ]
R = RI" (-2,
' )
Everey Conseruvel o E = élla - é'?' + ‘#’eﬂ-(fa-")
: ;]
= o i'?.z e ( c* - La ) + ‘;beﬂ-(ﬂrc)
e Q_RI.

Qci.\/Q(E—qb&(ﬁ,o)— I(L-i‘-’-:>

2 R*




Invariant curves : Third Integral

green : contours of constant total
angular momentum

1.00

0.75 —

0.50 —

0.25 —

000 —

—{1.25 —

—.50 —

—{.75 —

~1.00 | | | |
0.0 0.1 0.2 0.3 0.4 0.5

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8 --norbits 15 --nlaps 100 --add_IL



shell orbit

1.00
0.3
0.75 —
0.50 02 —
0.25 — 01 —
£ 000 - )
g N0
~0.25 —
0.1 —
050 —
0.2 —
—{.75 —
0.3 —
100 | | | |
. i | | | | | | |
0.0 0.1 0.2 0.3 0.4 0.
R ] 03 -02 -01 00 01 02 03

R

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8 --nlaps 100 --R 0.26



orbit.dat
Active object : Observer_0

FProjection Mode : O

Stereo Mode He

Motion Mode 1 0

= : 35.0

Mear /Far planes : 0.1 10.8

Near/Far factor : 0.100 10.000

Mouse Fositlon @ == 0.0 y= 0.0 z= 0.0
Mouse On screen @ x= 183 y= 0

Dist to IntP rd= 1.077

Observer pos tox= -0.1 y= -0.6 z= 0.9
IntF pos row= 0.0 y= 0.0 z= -0.0



Large radius

0.2 0.3 0.4 0.5

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8

04 —

—0.2 —

-4 —

--norbits 15 --nlaps 100 --R 0.38




Smaller radius

L.00
0.75 — 0.3 —
0.50 — 0.2 -
.25 — 0.1 —
& 000 —
% N0 —
—.25 —
—0.1 —
—(.50 —
—(.2 —
—0.75 —
—0.3 —
—~1.00 i i i i
0.0 0.1 0.2 0.3 0.4 0.5 !

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8

—.3

-—-norbits 15 --nlaps 100

| |
-0.2 =01

--R 0.29

|
0.0
R




orbit.dat
Actiwve object
Frojection Mode
Stereo Mode
Motion Mode

Fow

Mear/Far planes

Mear/Far factor

Mouse Position
Mouse On screen
Dist to IntF
Observer pos

Itk pos

Ohzerver_0
o
o
o
35.0
0.1 9.7
0.100 10.000

®x= 0.0 y= 0.0 z= 0.0
x= 424 y= 184

d= 0.975

w= —0.2 y= -0.7 z= 0.6
= 0.0 y= 0.0 z= 0.0



Exploring orbits at lower energy

—{.7T —

|
I

—0.9 —

Effective Potential

—1.0 —

—-1.1 —

I I I I I I I
0.10 0.15 0.20 0.25 .30 0.35 (.40 .45
R

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -1.109 --plotpotential



Orbits near the circular orbit energy

0.04 —
0.03
0.02
0.01

w000

-

~0.01

—0.02 —

—0.03 —

—L04 —

| | | | | | |
0.194 0,196 0.198 0.200 0.202 0.204 0.206
R

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -1.109 --norbits 15 --nlaps 100



Circular orbit

004 —
0.2 —
002 —
0.1 —
e 0 —
% N0 — |
—0.02 — —0.1 —
% —
—0.04 — 0.2
I I I I I I I I I | | | | |
0192 0194 0196 0198 0200 0202 0204 0206 0.208 ,
R —0.2 —11.1 0.0 0.1 0.2

R

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -1.109 --vR 0 --R 0.2 --nlaps 10




orbit.dat
Actiwve object
Frojection Mode
Stereo Mode
Motion Mode

Fow

Hears/Far planes

Mear/Far factor

Mouse Fosition
Mouse On screen
Dist to IntF
Observer pos

IntP pos

Observer_0
8]
8]
0
35.0
0.1 14.3
0.100 10.000

x= 0.0 y= 0.0 z=
= 247 y= -53

d= 1.431

x= 0.3 y= -1.1 z=
x= 0.0 y= 0.0 z=

0.0

0.9
0.0




At higher energy

Lo —

e 00—
=3

—0.5 —

—1.0 —

0.1 0.2 0.3 0.4 0.5

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --norbits 15 --nlaps 1000



At higher energy

100
0.75 —
04
050
02
0.25
% 000 x
g N0
025 —
=,
050 —
0.75 — 04—
100 | | | |
. | | | | |
0.0 0.1 0.2 0.3 04 05
R ’ 04 02 00 0.2 0.4

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --vR 0 --R 0.26 --nlaps 10



At higher energy

000 — X

—{1.25 —

—.50 —

—{.75 —

—1.00

0.0 0.1 0.2 0.3 0.4 0.5

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --vR 0 --R 0.30

0.4 —
02—
0.0 —
—0.2 —
—0.4 —

I I I I I

—0.4 —0.2 (.1 0.2 0.4

R
--nlaps 10




Bifurcation (resonance) : new orbit family

100
06 —
0.75 —
~
050 — 0.4 —
.25 — 1.2 —
% 0.00
o N0 —
0.5
0.2
~0.50
~ 04
—0.75 —
0.6
100 | | | |
. i | | | | | | |
0.0 0.1 0.2 0.3 04 0.
R ’ 06 -04 02 00 02 04 06

R

./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --vR 0 --R 0.52 --nlaps 100



orbit.dat
Actiwve object : Ohserver_0

Projection Mode : O

Stereo Mode . . I IR

Motion Mode H EE - . . .

Fov : 35.0 '
Mear/Far planes : 0.2 15.Z = ) T ) ) ) ) . . o i
Near/Far factor : 0.100 10.000 . "'f.}"-,"' e S R T R

Mouse Position @ x= 0.0 y= 0.0 zi”;Q50  _ff'?,:-' '-_.'“: .ff;:-:
Mouse On screen : x= -48 y= 79 B : B .'_, - . S
Dist to IntP : d= 1.513 T
Obserwver pos roxw= 1.4 y= 0.3 z= 0.4

IntP pos rx= 0.0 y= -0.0 z= -0.0




Slices of different energies

Active object : Obserwver_0
Frojection Mode : O

S3tereo Mode H

Motion Mode H

Fow : 35.0
Mears/Far planes : 0.4 33.0
Nears/Far factor : 0.100 10.000

Mouse Fosition
Mouse On screen
Dist to IntP
Observer pos
IntP pos

rm surf-*.dat

./mapping-Rz.py --VO 1. --Rc O. . .2 -E -1.1 --vR 0 --norbits 18
./mapping-Rz.py --VO 1. --Rc O. . .2 -E -0.8 --vR 0 --norbits 18
./mapping-Rz.py --VO 1. --Rc O. . .2 -E -0.5 --vR 0 --norbits 18

./concatenate.py surf-0x
glups —--fullscreen -p glparameters totsurf.dat




The End
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