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The Oort constants
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Shear (A+B) + compression (K+C)



Stellar Orbits

and the density relation









Estimation of the vertical frequency

1. using

2. using



Stellar Orbits

Integral of motion and 
Surfaces of section



Integrals of motion

A stellar orbit defines a path in the 6-D phase space (                        in cartesian coordinates) 

Definition :

An integral of motion                is any function of the phase-space co-
ordinates alone that is constant along an orbit:

Examples :

- Hamiltonian

- Total angular momentum

- z-component of the angular momentum       

Remarks :

- Orbits may have between 0 to 5 integrals of motion.
- Integrals of motion may exist without an analytical form.



Integrals of motion
Interest of integral of motion :

Restrict the study of an orbit to a subset of the phase space

Example I :

Orbit in spherical potentials

● 6-D

● Angular momentum conservation 
3 integrals, 2 among the three 

                             → 4-D

● Angular momentum conservation + energy

                                 → 2-D

  

6 indep. variables

4 indep. variables

2 indep. variables

the position and velocities of a star (i.e. the position in the phase space )  
is fully determined by providing two additional quantities, ex:Given

defines a plane

defines a 2-D surface



Integrals of motion

Is there a fifth integral ?

Example of the Keplerian potential :

We showed that:

with:

we have then the new integral of motion:

the position and velocities of a star is fully determined by 
providing only one additional quantities, ex:Given

→ 1-D 1 indep. variable
     a curve



Integrals of motion

Example II :

Orbit in axi-symmetric potentials

● 6-D

● z-component angular momentum conservation 
1 integral

● Initial azimuth

                            
● Energy

6 indep. variables

5 indep. variables

4 indep. variables

Is there a third integral ?

the position and velocities of a star (in the phase space) 
is fully determined by providing three additional quantities, ex:

Given

3 indep. variables

4-D

3-D

the position and velocities of a star (in the phase space of the 
meridional plane) is fully determined by providing three 
additional quantities, ex:

Given

(meridional plane)

not an integral, 
a constant !



Surfaces of section

Idea :

We study the orbits in the meridional plane 

● 4-D

● Energy
                                 → 3-D

● Drawing a 3-D phase space is still not easy. Instead, we draw slices of the phase 
space. We plot only phase space points that: 

● cross the               plane 
● have  

  

4 indep. variables

Can we visualize the phase phase and check if an
additional integral of motion exists ?

3 indep. variables

Surface of section 
or Poincaré maps consequents



Surfaces of section

● A point in the surface of section (for a given        and        ) defines an orbit as 
the three independent variables                       are defined.
 

● Even if orbits have the same energy, they will never intersect in the plane (EoM are first 
order diff. equations).

● Zero velocity curve : curve defined by 

defines the accessible region of the 
phase space



Surfaces of section
Examples

Logarithmic potential



./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8 --plotpotential      

Effective Potential



./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8   --norbits 15 --nlaps 100

Invariant curves : Third Integral





./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8   --norbits 15 --nlaps 100 --add_IL

Invariant curves : Third Integral

green : contours of constant total 
angular momentum 



./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8  --nlaps 100 --R 0.26

shell orbit





./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8   --norbits 15 --nlaps 100 --R 0.38

Large radius



./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8   --norbits 15 --nlaps 100   --R 0.29

Smaller radius





./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -1.109 --plotpotential

Exploring orbits at lower energy



./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -1.109 --norbits 15 --nlaps 100

Orbits near the circular orbit energy



./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -1.109 --vR 0 --R 0.2   --nlaps 10

Circular orbit





./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --norbits 15 --nlaps 1000

At higher energy



./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --vR 0 --R 0.26   --nlaps 10

At higher energy



./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --vR 0 --R 0.30   --nlaps 10

At higher energy



./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --vR 0 --R 0.52   --nlaps 100

Bifurcation (resonance) : new orbit family





Slices of different energies

rm surf-*.dat
./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -1.1 --vR 0 --norbits 18
./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8 --vR 0 --norbits 18
./mapping-Rz.py --V0 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --vR 0 --norbits 18
./concatenate.py surf-0*
glups --fullscreen -p glparameters  totsurf.dat



The End
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