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Stability of collisionless 
systems

 
3nd part
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Outlines

The stability of uniformly rotating systems
 
The stability of rotating disks : spiral structures

- Spirals properties
- The dispersion relation for a razor thin fluid disk

The origin of spiral structures: another view

Vertical instabilities : Nature is always more tricky…
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The dispersion relation for fluids

stable

stable

stable
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Stability of collisionless systems

 The stability of uniformly 
rotating systems
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Stability of collisionless systems

 The stability of rotating 
disks: 

spiral structures
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M83 NGC4945

Spiral galaxies : disky structures
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Questions:

Why galaxies are disks ?

● Gas radiates energy but not angular momentum.
● Circular orbits have a minimum energy for a given angular momentum.
● For a given angular momentum distribution, the state of the lowest energy is a flat disk.

Why disk galaxies display complex structures : bars, spirals ?

● Dynamically cool systems (low velocity dispersion) are strongly unstable
● Further cooling requires to avoid the constraints provided by the angular momentum 

conservation : need to break the symmetry !
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Properties of spirals:

Different spiral patterns:

● Grand-design
● Intermediate-scale
● Flocculent



Grand-design spiral pattern : Ex. M100
two arms



create tidal effects that enable the gas contained within the galaxies to escape

Intermediate-scale spiral pattern : Ex. M101



create tidal effects that enable the gas contained within the galaxies to escape

Flocculent spirals : Ex. M63
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Properties of spirals:

Different spiral patterns:

● Grand-design
● Intermediate-scale
● Flocculent

The bulk of the matter participates to the spirals

● Coherence in different wavelengths tracing different components



create tidal effects that enable the gas contained within the galaxies to escape

Grand-design spiral pattern
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Schinnerer et al. 2013
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Model spiral arms
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Surface density of a spiral galaxy
shape function

# arms
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trailing arms leading arms

The majority of spiral arms are trailing !

Sense of rotation

Leading and trailing spirals:
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Pitch angle

Definition: pitch angle : angle between the tangent of a circle and the spiral
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Pitch angle

Definition: pitch angle : angle between the tangent of a circle and the spiral
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Pitch angle as a function of the Hubble type (Ma 2002)
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Stability of collisionless systems

 Origin of the spiral 
structure:

differential rotation ?
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Winding problem : V=200 km/s
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Winding problem : V=200 km/s
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Winding problem : V=200 km/s
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Winding problem : V=200 km/s
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Winding problem : V=200 km/s
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Possible solutions to the winding 
problem

1. A spiral arm is a transient phenomena, but the spiral pattern is statistically in a 
steady state.

Example :      a spiral arm traces young stars, until they die off
→      could be much bigger 

Could explain flocculent galaxies, but not grand-design ones

2. The spiral pattern is a temporary phenomena, resulting for example from a 
recent event, like a merger or an interaction.  

3. The spiral structure is a stationary density wave that rotate rigidly in       and 
and thus, not subject to the winding problem (Lin-Shu 1964).
The spiral pattern is a kind a mode, like a drum that vibrate.
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Stability of collisionless systems

 The stability of rotating 
disks : 

the dispersion relation
(in a nutshell)



36



37



38



39



40



41



42



43



44



45

Stability of collisionless systems

 The stability of rotating 
disks : 

the dispersion relation
(details)
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Stability of collisionless systems

 The origin of spiral 
structures :

 
another view
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● Infinite slab of infinite thickness, homogeneous  

● Particles with random velocities (constants vel. dispersion      )

● Gravitational interactions only (collisonless system).

The Jeans instability (Jeans 1902) 
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The Jeans instability

unstable stable

(Jeans 1902) 

● Infinite razor thin medium
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stable

unstable

The Jeans instability

unstable stable

The link with the virial equilibrium

(Jeans 1902) 

with

● Infinite razor thin medium
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The Jeans instability (Jeans 1902) 
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The Jeans instability (Jeans 1902) 

K W
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The Jeans instability (Jeans 1902) 

K
W
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The Jeans instability (Jeans 1902) 

K W

UNSTABLE !STABLE !
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The Jeans instability in an infinite razor-thin sheet



  

65

Can we stabilize a razor-thin sheet 
against gravitational instabilities

using non-random motions ?
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Stabilizing using shearing motions 

: a vertical velocity field (aligned with the y axis)

At the edges of a disk

● Kinetic energy
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Stabilizing against the Jeans instability using shearing motions 

● Kinetic energy
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Stabilizing using shearing motions 

● Kinetic energy

● Potential energy
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Stabilizing using shearing motions 
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K
W

Stabilizing using shearing motions 
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K W

Stabilizing using shearing motions 
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instable

stable

  STABLE !UNSTABLE !

●        critical radius
● Beyond this radius, its no longer possible for a perturbation to growth

Stabilizing using shearing motions 

stable

unstable



  

73



  

74

What is the link between slabs 
and rotating disks ?
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Rotating disks of infinite thickness : I - rigid rotation
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Rotating disks of infinite thickness : I - rigid rotation

Critical radius
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stable stable stable

Rotating disks of infinite thickness : I - rigid rotation
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Rotating disks of infinite thickness : II - differential rotation

Need to develop the velocity up to the second order
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Rotating disks of infinite thickness : II - differential rotation

Need to develop the velocity up to the second order

Critical radius
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Rotating disks of infinite thickness : II - differential rotation

Need to develop the velocity up to the second order

Classical derivation

Critical radius
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Predicting the number of spiral arms...
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● For a rotating disk of a given surf. density

the radial epicycle frequency  

determines the maximal size

of the clumps

● Number of clumps per radius

Rotating disks of infinite thickness : the number of spiral arms
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● For a rotating disk of a given surf. density

the radial epicycle frequency  

determines the maximal size

of the clumps

● Number of clumps per radius

Rotating disks of infinite thickness : the number of spiral arms
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● For a rotating disk of a given surf. density

the radial epicycle frequency  

determines the maximal size

of the clumps

● Number of clumps per radius

Rotating disks of infinite thickness : the number of spiral arms
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stable

Rotating disks of infinite thickness : the number of spiral arms
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Putting all together...
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Rotating disks of infinite thickness : adding velocity dispersion
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Rotating disks of infinite thickness : Local stability 
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Rotating disks of infinite thickness : Local stability 
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Rotating disks of infinite thickness : Local stability 

Safronov-Toomre critterion

(Safronov 1960, Toomre 1964) 
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1. large random motions : 

→ stabilizes the small scales

2. strong differential rotation : 

  → stabilizes the large scales

K W

Disk stability : summary 
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Realistic Simulations of 
galactic disks 



create tidal effects that enable the gas contained within the galaxies to escape

M74
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Nature is always more tricky...
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The stability of infinite slab of finite thickness 

● isothermal vertical profile
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The stability of infinite slab of finite thickness 

Dispersion relations

● isothermal vertical profile

vertical perturbation

horizontal perturbation
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The stability of infinite slab of finite thickness 

Dispersion relations

● isothermal vertical profile

vertical perturbation

horizontal perturbation

K W

The instability is triggered
When the kinetic energy dominates…

!
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Merry Christmas 
and 

happy new year 2022 ! 
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The End
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Stability of collisionless systems

 The stability of uniformly 
rotating systems

(additional material)
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Stability of collisionless 
systems

 
2nd part
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Stability of collisionless systems

 The stability of rotating 
disks : 

the dispersion relation

(additional material)
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Stability of collisionless systems

 The WKB approximation
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Stability of collisionless systems

 Back to the dispersion 
relation
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