Low-power radio design for the IoT
Exercise 7 (07.04.2022)

Christian Enz

Swiss Federal Institute of Technology (EPFL), Lausanne, Switzerland

Problem 1 Noise Parameters of the Common-Gate Amplifier
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Figure 1: Two-port network corresponding to a common-gate amplifier (bias not shown).

Fig. 1 shows the two-port network corresponding to a common-gate stage including the gate resistance, but
without the details of the bias network.

1.1 Small-signal schematic

Draw the small-signal schematic (only account for the gate-to-source capacitance Cgg, no other capacitances).

1.2 Two-port Noise Parameters

Calculate the noise parameters of the noisy two-port including the transistor channel thermal noise and the
thermal noise of Rg but ignoring the induced gate noise.

e First calculate the parameters R,,, G;, G, and B..

e Then derive the noise parameters Gopt, Bopt and Fiip.

1.3 Noise Factor

Calculate the effective noise factor,

e from the formula using the noise parameters R,, G;, G. and B, and then

e directly by calculating the total input referred noise current i,¢, (or voltage vpeq)-
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Solutions to Exercise 7 (07.04.2022)

Problem 1 Noise Factor of Common-Gate Amplifier

1.1 Noise Parameters
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Figure 1: Two-port network corresponding to a common-gate amplifier (bias not shown).

Fig. 1 shows the two-port network corresponding to a common-gate stage including the gate resistance, but
without the details of the bias network.

1.2 Small-signal equivalent schematic (in saturation)
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Figure 2: Simplified small-signal schematic of the common-gate amplifier of Fig. 1 assuming the transistor is
biased in saturation.

The simplified small-signal schematic corresponding to the two-port network shown in Fig. 1 is presented in
Fig. 2. In order to keep the derivation simple, it only includes the gate-to-source capacitance Cgg, neglecting
all other capacitances and access resistances except the gate resistance Rg. On the other hand it includes the
channel noise source AT, p and the induced gate noise (IGN) source Al,. From Fig. 2, we clearly see that the
IGN source has no effect if the gate resistance is zero. If Rg > 0, the IGN has two effects: a first effect trough
the voltage AVg generated across Rg producing a current at the drain thanks to the gate transconductance
G- A second effect is through the gate-to-source capacitance Cgg, which produces a current at the input.
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1.3 Calculation of two-port noise parameters R,, G;, G. and B,

From the small-signal schematic of Fig. 2, we can calculate the two-port noise parameters. We first have to
calculate the noise sources V,, and I,, from their definitions given by

1

Vn = B- IQ|V1:V2:O = —E ‘[2|V1:V2:O7 (la)
Y

I,=D- I2|]1:V2:0 = _E I2|[1:v2:0? (lb)

which require the Y-parameters Y1 and Y21, which are calculated as

1 + SCGS/GmS(l + RG(Gms - Gm)) . 1 + SCGS/Gms(l + RGGm(n - 1))

Yi1 = Gms - = Gms ; 2
1 1+ sRgCgs 1+ sRaCas ( 2)
1 1—Gim/Gms 1 1-1
Yo = —G,.. sRaCas(1 — Gm/Gms) _ _q, Lt sRaCgs(1 —1/n) (2b)
1+ sRaCgs 1+ sReCas
which can be simplified assuming that wCgs/Gms < 1 and wReCas < 1, leading to
Yll = Gmsa (33')
}/21 = *Gm,s~ (3b)
The output current I, when the input and output are short-circuited is given by
GmRe
I =Al,p———i— AL 2 Al,p — G,Rg - AL, 4
2|V1:V2:O D 1+3RGCGS G D G G ( )
from which we obtain V,,
1 (1 + SRGcgs) -ALLp — GnRa - AlLg Al,.p Ra
Vo=——Dbly_v._qg= = — — - Alqg. 5
Yo, 2|V1_V2_0 Gms(l + SRGcgs(l — 1/n)) Gos n ¢ ( )
The output current Is when the input is open and the output is short-circuited is
$Cas/Gms - Alnp + sRGCas(1 —1/n) - Al
‘[2|11:V2:0 = _ (63’)
1+ SCGs/Gms(l GnRa + GmsRG)
>~ sCqs/Gms - AlLnp + sRcCes(1 —1/n) - Alq, (6Db)
from which we get I,
Yi1 SCGs/GmS -Al,p + SRGCGS(l — 1/n) -AlLg
In=—=Dl;_v,_o= (7a)
Yo, 1=r2 1+ sRgCas(1—1/n)
= SCGs/GmS -AL,p+ SRGcgs(l — l/n) -AlLgq. (7b)
The mean square value of V,, assuming wCgs/Gms < 1 and wReCas < 1 is then given by
~ |AI71D|2 Ré TAT 12 RG * *
VaPP = =i+ 75 ALl — 1= - (Bl ALy + AL Alup) (8)
whereas the mean square value of I, is given by
5~ (@WCas ’ 2 2 2
|1, |? = G |ALp* + (wRcCas(1 —1/n))” - [AlLg|
Cms , (9)
+ (“’GS) GmRo(1 = 1/n) - (Al - ALy + AT, - ALp).
ms
The mean-square values |Al,p[? and [Al,g|? can be expressed in terms of the PSD Sxy2 and Sajz  as
‘AInD‘Z = SAIWZLD -B=4KkTB - GnDa (103)
|ALg|? = SAIic -B=4kTB - Guc(w). (10Db)
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For narrow-band systems, the definition of the correlation coefficient can be extended to the mean-square values

as
s SDigpAin, Al - ALY,

Pkl = = .
sAq’ka ' SAile A/ |AI’IL]€‘2 . ‘Alnl|2

The mean-square values Al,qg - Al', and Al .- Al,p can then be expressed in terms of mean-square values

(11)

|AL,p|? and |AlL¢|? and the correlation coeflicient pgp according to (11):

Al - AI;:D = PGD * \/|AInG|2 . |AInD|2 = +jcg - 4kTB - \/Gn¢ - Gup, (128,)
ATig Db = pisp - \IBLwGl - Ao = —jcg - 4kTB - \/Gr - Gup. (12b)

The noise parameters R, and G; are then given by

_ |Vn‘2 _ Gnp Rg 2
h=twrg =, T\ ) Cne (132)
1,|? w C, 2
G, = JkT‘B = < e Gs) - Gup + (WRGCas(1—1/n))? - Gne. (13b)

For calculating Y, according to

we need I, - V.* which is given by

[ n 1
In . Vfr;,k =4kTB - WGCGS . {Cg : RG V GnG . GnD +] |:G D <]— - n> GmR%GnG] } ) (15)

ms Gms

; N 1 .
I, Vi =4kTB - “ECGS : {g Do (1 - n) GmREGne +j ¢g - R -/ Gng - GnD} ; (16)

from which we get

V. — jWCGS (GnD + RG’(_G%@GnG(n - 1)RG + ngGms Vv GnDGnG))

‘ G2,GraRE + Gop (17)
Introducing the expressions of G,,p and G, finally results in
R, = Z‘: (182)
Gi:(wCGs)2~’g—j~ 1+%fzcg. f:ﬂ (18b)
G.=0, (18¢)

BC:wCGS.[1—cg.,/f”G]. (18d)
nD

The uncorrelated and correlated parts of G; are then obtained using

Giu = Gl - |Yc‘2 . Rv = (1 - |C|2) : Gi7 (193‘)
Gic = |}/c|2 . Rv = |C‘2 . Gi7 (19b)
Gi = Gy + Gy, (19¢)

and resulting in

IB’VLG

Giu = (w 005)2 : G ' (1 - C?})) (203‘)
Gicz(wCGs)Q'%- 1—&-03-%—209- f:;] . (20b)
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1.4 Calculation of G, By and [,

From the R,, G;, Y. parameters we can derive the four noise parameters R,, Gopt, Bopt and Fp;p, as a function
of the circuit parameters using

Gopt—\/Rv+Gg\/Rng7 (218,)
Bopt = —B., (21b)
Giu
Frin =14 2R, (Gopt + G¢) =1+ 2R, 7 +G2+G,. |, (21c)
resulting in
_ ﬂnG 2
Gopt =wCqs | — - (1— cg), (22a)
TYnD
o BnG
Bopt = —Ww CGS 1= Cg . s (22b)
YnD
Fppin = 1+ 2w Cs - 222 [P0 (1 c2)
Gm YnD g
w BnG
214 2vp— | — (1 —¢2), 22¢
p - [ 2 (1) (220)

where the G,,,/Cgs ratio has been approximated by the transit frequency w; = G,,/Cgs. Equations (22) reveal
that, due to the induced gate noise, the noise matching condition is slightly different than the gain matching
condition which would require By = —w Cgg. Also, the minimum noise factor is strongly depending on the
induced gate noise through parameters 3, and c¢,. If induced gate noise was ignored (by setting 3,c = 0), the
minimum noise factor would be equal to unity! This surprising result can be explained as follows: if the induced
gate noise is ignored there is only the drain noise left and the optimum source conductance is null whereas the
optimum source susceptance is —w Cgg. This noise matching situation corresponds to having an inductor with
a susceptance value being —w Cgg and no internal conductance. The input circuit is then an inductance in
series with the transistor gate-to-source capacitance. This source inductance will then resonate with the input
transistor capacitance at the operating frequency providing an infinite voltage gain at the input. The input
referred noise is then nulled, resulting in a unity noise factor.

Equation (22c¢) indicates that the minimum noise factor increases with frequency for a given bias. For a given
operating frequency it can be decreased by increasing the transistor transit frequency. This can be achieved
by increasing the transistor bias or by reducing the transistor length (or both). Technology scaling leads to an
improved noise factor at a given frequency and bias.

It is also interesting to notice that the correlation between the drain noise and the induced gate noise reduces
the noise factor compared to the situation where they would be fully uncorrelated.

The noise parameters (22) can be further simplified by replacing v, p and 8, by their expression valid in strong
inversion and saturation leading to

Gopt = 045w Cgg, (233)

Bopt =2 —0.8w Cgs, (23b)

Foin 214 0.77- 2, (23¢)
Wt

where n = 1.3 has been used. Equations (23) give a 15*-order relation for the noise parameters of a common-
source amplifier.

1.5 Direct calculation of the noise factor
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