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Exercice 1(a)(i) Let o € L\K. As o? € K, it follows that « is a root of the polynomial 2% + a2 €
K|[z] and thus [K(«) : K] < 2. On the other hand, we have that [K(«) : K] > 2, as a ¢ K,
and we conclude that [K(«) : K| =2 and K(«) = L.

(i) The polynomial 22 + a? € K[z], where a € L\K, admits a as a double root, hence it is
irreducible in K[z]. Now, as this is a unitary irreducible polynomial of degree 2 and as
a ¢ K, it follows that m, x(z) = 2% + o and so we conclude that o € L\K is inseparable.

(b)(i) Let a € L\K be such that o ¢ K. First, we have that [K(a) : K] > 2 and, as K(a) C L, it
follows that [K(«) : K] < [L: K] =2, and so [K(«) : K] = 2, hence K(a) = L.

Secondly, as a? € K(a) and o? ¢ K, there exist a,b € K, a # 0, such that a® = aa + b.

Then:
2
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Set B =% € K(a) andc:ai2 € K. We have that K(a) = K(5) = K(8) and so L = K(§3).

Moreover, 3 is a root of the unitary polynomial 22+ x + ¢ € K[z] and, as [K(8) : K] = 2, we
conclude that mg g (x) = 22 + x + c.

(ii) Note that a polynomial of the form 2%+ z+ ¢ is always separable as the derivative is 1 # 0. So,
B is automatically separable. Then, by Proposition 4.6.3 (d) we have that | Gal(K(8)/K)| >
2. Let 7 € Gal(K(B)/K), 7 # Idg). Then 7(8) is a root of mp i (x), see Proposition
4.6.3 (a), and 7(B) # B, as 7 # Idg(g. Now B+ 1 € K(B) is a root of mg (), as
B+1)2+(B+1)+c=p%2+p+c=0, and we conclude that 7 : K(8) — K(B) given by
7(8) = B+ 1 is an automorphism of K ().

(iii) Assume there exists v € L\ K such that 42 € K. Now, as L = K(/3), we have that there exist
a,b € K such that v = af + b. Keeping in mind that 52 = 3 + ¢, it follows that:
VY =ad?B+d?c+ b e K.

It follows that @ = 0 and v = b € K, a contradiction. Thus, for all v € L\K we have that
v ¢ K and we argue as in item (b)(i) to show that m, () = 2% + z + ¢, where ¢, € K.

Exercice 2. (a) Let a € KP and assume that there exist 3,y € K, such that & = P and a = 4P.

Let 2P — o € KP[z]. We have that 2P —a = aP — P = (z — )P and thus S is a root of 2P — «
with multiplicity p. As deg(zP — ) = p, it follows that /3 is the unique distinct root of 2P — a.
On the other hand, ~ is a also a root of 2P — a and thus v = .

(b) As ¢ € Aut(KP), for all & € K there exists a unique 8, € K such that ¢(a?) = B5. Let
¥ : K — K be given by ¢(a) = f, for all a € K. We will show that ¢ € Aut(K) and that
1 is an extension of ¢, i.e. P(af) = ¢(aP) for all o € K.

First, let o, v € K. We know that there exist unique 3, € K, respectively 3, € K, such that
d(aP) = Bh, respectively ¢(17) = Y. Then:

P((a+7)P) = d(a” +9°) = ¢(e”) + ¢(7*) = B + BY = (Ba + B4)°
and thus ¥(a + ) = fo + By = ¥(a) + 9(y) for all « , v € K. Similarly,
Bl(a-7)P) = Bla 47) = 6(a?) - 6(7) = B B8 = (Ba - 5"



and thus Y(a - v) = B - By = () - () for all o , v € K. Lastly, we have that ¢(1) =1
and so (1) = 1.

We have shown that ¢ is a homomorphism of fields and, being a homomorphism of fields, we
have that 1) is injective. To show surjectivity, let 5 € K. Then 5P € K? and, as ¢ € Aut(KP),
there exists a € KP such that ¢(a) = BP. Now, by point (a), we have that there exists a
unique vy € K such that 47 = « and therefore ¢(7?) = P. Hence, we have that ¥(y) =
and thus v is surjective.

We now show that 1 extends ¢. For this let & € K and let 8, be the unique element of K
such that ¢(a?) = 85. Then ¥(a) = B, and we have:

p(a?) = B8 = (@)’ = ¥(a®).

Lastly, we show the unicity of . For this let 1" € Aut(K) be an extension of ¢. Note that
as both ¢ and ¢ are extensions of ¢, we have:

V' (@?) = (o) (= d(a?))

for all a € K. Therefore 9’ ()P = ()P, giving (¢ (a) — ¥(a))? = 0 and thus ¥’ (a) = ¥ (a)
for all « € K.

Exercice 3. (a) As o ¢ KP? it follows that for all 5 € K we have P # a and thus 2P — a € K|z]

does not admit roots in K. Let F' be a decomposition field of 2P — o over K and let § € F
be a root of this polynomial. We have that:

2P —a=2P — P = (x — B)P in Flz].

Let mg i (x) € K|x] denote the minimal polynomial of 5 over K. As 3 is a root of 2P — «, it
follows that mg k(x)|2? — o = (x — B)P. Therefore there exists some i, 1 <1 < p, such that
mg i (z) = (z — B)'. Now, as mg i (z) € K|x] we have that:
(@—B) => (-1) (;) "Bl =gt — i 4+ (=1)'B" € K[a].
5=0
It follows that —i8 = 0 and so i = p. Therefore mg g (x) = (x — )P = 2P —a and we conclude
that 2P — o € K|x] is irreducible.

To show that L is a field, we will show that the polynomial y? — z(x — 1)(z + 1) € (Fp(2))[y]
is irreducible. As y? —z(z —1)(z+1) is a unitary polynomial, it is primitive and so, by Gauss
III, it is irreducible in (Fp(z))[y] if and only if it is irreducible in (Fp[z])[y]. Now, z € Fp[z] is
irreducible and we use Eisenstein with p = = to deduce that y? —z(x — 1)(z 4 1) is irreducible
in (Fp[a])[y]-

By Proposition 4.5.7, as char(L) = p, we have that L is perfect if and only if LP = L. We
will show that x ¢ LP.

Assume by contradiction that z € LP. Then, there exists f € L such that x = fP. It follows
that f € L is a root of the polynomial t* — z € (F,(z))[t]. As z € Fy(z) is not a p™* power,
see Exercice 3, it follows that the polynomial t” — z is irreducible in (Fp(z))[t], see item (a).
This shows that myp ()(t) ~ ¥ —x € (Fp(z))[t].

Consider the chain of extensions:
Fp(z) € (Fp(2))(f) € L
and we have [(Fp(2))(f) : Fp(2)]|[L : Fp(z)]. But [L : Fy(x)] = 2 and [(Fp(2))(f) : Fp(z)] = p,

where p # 2. We have arrived at a contradiction.



(d) We have that L = (Fa(x))[y]/(y* + z(z + 1)?). Note that the polynomial y? + x(z + 1) €
(Fa(x))[y] admits /z(xz + 1) as a double root and so it is irreducible in (Fo(z))[y]. Now,
by Proposition 4.2.25, it follows that L = (Fo(z))(vz(xz + 1)) = (F2(z))(vVz) = Fa2(V2).
For the last equality, note that Fa(y/z) C (Fo(z))(yv/x) and, as Fa(x) C Fa(y/z), we have
(F2(2))(Vr) € (F2(v))(Vr) = Fa (V).

As char(L) = 2, it follows that L is perfect if and only if L? = L, see Proposition 4.5.7. But

2
L% = {f(va| f(v&) € L} = {(jﬁ;ﬁﬁ;) | A(VE), fo(VE) € Falval, fo(vE) # o}
_ {fl(ﬂf)

P (o). fola) € Balel, foi) # 0} = Falo)

and clearly \/z ¢ L2

Exercice 4. 1. Let Q C K. Let ¢ € Aut(K) an automorphism ¢ : K — K. As automorphisms
of fields are in particular homomorphisms of rings, we use that ¢(1) = 1, and get that Vn € Z,

p(n) =pn-1)=n-9(1) =mn.
If we let m,n € Z, then
m m m
mzw(m)zw(*-n) 290(*) 'sO(n)ZsO(*) -,
n n n
from which it follows that ¢ (%) = 7. This proves that ¢ acts as the identity on Q.
2. We use the same techniques as in Example 4.6.4, and denote G = Gal(K/Q) = Autg(K).

e Let K = Q(i). The irreducible polynomial 22 4+ 1 € Q[z] has two distinct roots in Q(3),
and they are i and —i. From Prop 4.6.3(1), it follows that every element in G sends ¢ to 4
or to —i. By Prop 4.6.3(2), there is at most one element in G for each possibility. By Prop
4.6.3(4), it holds that | Gal(K/Q) |= [Q(i) : Q] = 2, hence Gal(K/Q) = {idg(;),0} =
7./27, where (the identity sends i to i, and) o sends i to —i. As o is Q-linear, we have
that o(a + ib) = a — ib, the conjugation.

e Let K = Q(v/7). Using the same steps as above, considering the irreducible polynomial
22 — 7 € Q[x], we get that Gal(K/Q) = {idQ(ﬁ), o} = Z/27, where (the identity sends
VT to V7, and) o sends V7 to —/7. As o is Q-linear, we have that J(a—i—\ﬁb) = a—+/Tb.

e Let K = Q(+/2). The irreducible polynomial #3—2 € Q[z] has only one root in Q(+/2). As
by Prop 4.6.3(1), every root of this polynomial gets sent to a root of the same polynomial
by an element in G, and for each such possibility there is at most one element in G by
Prop 4.6.3(2), we conclude that G = {id@( %)} is trivial.

e Let K = Q(w?), where w = €%7/3. The irreducible polynomial z2 + 2 + 1 € Q[z] has two
roots in Q(w), which are w and w?. As for the first and second example, it follows that
G is cyclic of order two, consisting of the identity and o, which sends w to w?.

Exercice 5. 1. The Frobenius morphism acts on the basis {1, a} as follows:
F(1)=1, Fla)=a?>=1+a,

and hence, the matrix in the base {1, a} is

w3 )



We obtain the eigenvalues by finding the roots of the characteristic polynomial, p(\)

p(X) = det(M — AI) = det <16A 1ix> =(1-MN2=(1+)N72

since we are working in characteristic 2. Its root is 1, with multiplicity 2. The eigenspace for

this eigenvalue is E := {v € F3 | (M + I)v = 0}, and consists of and all scalar multiples of

1
the vector <

O) . As its dimension is 1 < 2, this matrix is not diagonalizable over 5.

2. The Frobenius morphism acts on the basis {1, 3, 32} as follows:
F)=1, F(B) =4, F(@E)=p"=p6"=p(+1)=pF+5
and hence, the matrix in the base {1, 3, 3} is

1 00
M={0 01
011

We obtain the eigenvalues by finding the roots of the characteristic polynomial, p(\)

1I-Xx 0 0
pAN) =det(M—-X)=det| 0 X 1 |=@0=-XN)N=A=1)=0+NN+A+1),
0 1 1-2A

since we are working over characteristic 2. The roots of this polynomials are 1, «, and a?,
with « from the first part of the exercise. The only root contained in o is 1. Its eigenspace
is By = {v € F} | (M + I)v = 0}, which consists of all scalar multiples of the vector (1,0,0).
Since the dimension of this eigenspace is 1 < 3, the matrix is not diagonalizable over Fa. All
roots are contained in Fo(a) = Fy. The eigenspace of o is E, = {v € F3 | (M + ol)v = 0},
and consists of scalar multiples of the vector (0,1, ). The eigenspace of a? is E,2 = {v €
F3 | (M + o®I)v = 0}, and consists of scalar multiples of the vector (0,1,a?). As there are
three distinct eigenvalues in [Fy, the matrix is diagonalizable over Fy.

Exercice 6.

In the following solutions, we use the same technique to find the minimal polynomials as in Example
4.6.11. With Proposition 4.6.10, it holds that for an element z € Q(«, ), the minimal polynomial
is m, g = [[(z — 2), where 2’ is a Galois conjugate of z.

Z/

1. As in Example 4.6.4 (3), we see that G = Z/2Z x Z/27Z. The elements in G are the identity,
o, with o(v/3) = /3 and o(v/7) = —/7, 7 with 7(v/3) = —v/3 and 7(v/7) = V7, and 70,
with TU(\/g) = —v/3 and TU(\ﬁ) = —/7.

The elements {1,v/3,v7,v/3v7} form a basis of Q(v/3,v/7) over Q. Now let z € Q(a, 3),
with 2z = a + bV/3 + ev/7 + dv3V/7. The conjugates of z are

z, a+b/3—eVT—dV3VT, a—bV3+eVT—dV3VT, a—bV/3—cVT+dV3VT.
As noted above, the minimal polynomial is
m.o = (r—2)(x—(a+bV3—cVT—dV3V7))(x—(a—bV3+eVT—dV3VT)) (x—(a—bV3—cVT+dV3VT)),
if all factors are different. Hence the minimal polynomials of the elements \/g, V3+ V7 , V3 -
VT.V3 are
my3o = z? -3
Mg = (= V3—=VT)(x—V3+VT)(z+V3—VT)(x+V3+VT7)

_ 21
m\/g717(@ =T — g



2. We note that since § = —1 € Q, it holds that Q(«, 5) = Q(«). « is a root of the polynomial
23 + 1. The other two roots are —1, and e~2"/3 = @. Since one of the roots is contained in
Q, over which every element of the Galois group acts as the identity we get by Prop 4.6.3 (1)
that every element of the Galois group G either sends « to a, or to @. By (b), there exists at
most one element for each possibility. Hence |G| < 2. There are exactly two automorphisms,
one being the identity, and the other acting on a by sending « to @. Therefore, G = Z /2.

Again, we calculate the minimal polynomial of an element z = (a + ba) € Q(«) as above. Its
minimal polynomial is m, g = (x — a — ba)(z — a — ba), if the factors are different. We get

Mag=(r—a)z—a)=2*—-z+1
ma+5,Q:x2+x+1
ma.@@:a}Q—i—x—l—l

Ma-1.0 =22 —z+1

3. Let @ = e(™/3) and B = i. Since @ = cos(n/3) + isin(n/3) = 1 + 1iv/3, it follows that
a € Q(iV3), and Q(a) € Q(iv3). With iv3 = 2a — 1, it follows that iv/3 € Q(a),
and Q(iv3) C Q(a). With this, it follows that Q(a) = Q(iv/3). Furthermore, Q(a, 3) =
Q(iv3,4) = Q(+/3,i). As in Example 4.6.4 (c), we see that Gal(Q(v/3,7)/Q) contains 4 ele-
ments, the identity, o, 7 and o7, where (i) = i,0(v/3) = —V/3,7(i) = —4,7(v/3) = V/3 and
o7(i) = —i,07(v/3) = —V/3, and that Gal(Q(v/3,1)/Q) = Z/27Z x 7,/2Z. On the elements «

and [, those four elements act as follows:
o(a) = D o(B) =B, T(a)=e P o(8)=—B, or(a)=a,0r(8) =—5.

As for the first example, we remark that the elements {1,4,v/3,i1v/3} form a basis of Q(v/3,1)
over Q. Let z € Q(V/3, i) with z = a + bi + cV/3 4 dv/3i. Then, as stated above, the minimal
polynomial of z is of the following form, if all factors are different

mzq = (z = 2)(z —0(2))(z — 7(2))(z — 07(2))
= (z—2)(z — (a+bi— V3 —dV3i)(z — (a—bi+ V3 —dV3i))(z — (a — bi — cv/3 + dV/3i)).

We note that the element « is of the form a = 3 + $(iv/3) in the basis {1,1,v/3,iv/3}. Then,
the minimal polynomials are of the form

Ma,g = (& — (0.5 4 0.50v/3))(z — (0.5 — 0.51V3)) = (z — a)(z — e =7/?))

MarpQ = (x — (0.5 +i 4+ 0.5i1V3))(z — (0.5 +i — 0.5V34))(z — (0.5 — i — 0.5V/3i))(z — (0.5 — i + 0.5v/3i))
Map0 = (x — (0.5i — 0.5V3))(x — (0.5i + 0.5V/3))(x — (—0.5i — 0.5V/3))(x — (—0.5i + 0.5V/3))

Ma-1,0 = Myir/5) g = Mos_o5ivze = (@ — (0.5 = 0.5iv/3))(z — (0.5 + 0.5iv/3))

4. Let a = €(/%) and B = i. We first calculate G = Gal(Q(a, 8)/Q). We remark that f =
a3, and hence Q(o, 3) = Q(«). Furthermore, « is a root of the polynomial x5 + 1, which
decomposes as 2% + 1 = (22 + 1)(z* — 22 + 1). The polynomial 2% + 1 has two complex
roots #i. The polynomial 2% — 2 + 1 has four complex roots o, a®, a7, a''. Furthermore, this

polynomial is irreducible over Q.

Hence the minimal polynomial of o is m,,q = 2% — 22 + 1. Since by adjoining « to Q, all roots
of mq,g are adjoined as well, we remark that Q(c) is the splitting field of the polynomial
z* — 22 + 1 over Q. By Proposition 4.6.3 (4), we get that |G| = [Q(a) : Q] = degma g = 4.
The elements in G are the identity, 7, o, 7, where the root a gets sent to a root of z% — 2% +1

by every element of G. We let 7(a) = o®,0(a) = o, n(a) = a'l.



The minimal polynomials are calculated as stated above by observing the action of the ele-

ments id, 7, 0, 7. It follows that

Ma,g = (& — )z = 7(a))(z — o(a))(z —n(a)) = (r — a)(z — ®)(z —a)(z —a'!) = 2" =2 +1

Mat+sQ = Matasg = (T — (@ +a’)) (@ —m(a+a’))(z —o(a+a’))(z —nla+a?))
=(z— (a+ )z —(®+a?)(z— (a" + ) (z — (o™ +a)) zt 322+ 9

Ma-,Q = Mot Q = M_54105iv/3,0 — (z -« )(37 —7(a 4) )(z — U( )z — ))
= (¢ —a")(r - o®)e—a"Nz—a*] = 2" + o +1

Ma-1,g =Mt g = (z —a'l) (@ —7(a'))(@ — o(a™))(z —n(a'))
=(z-aMz-aNz—-aNz—-—a)=2'—22+1



