
Reflection principle

( leading to the computation of fo

Gn
) fr the symmetric random walk )

Let us start with a preliminary computation :

fo Can ) =P ( Xu -
- o

,
Xan

. .
to

, . . .

,
X to

,

Ho -
- o )

=P ( Xu -

- o
,

Xzn
. ,

so
,

- . .

,
Xz > oH = er

,
to -

- o ) .PCK-I.la/G--o#tP(Xzu--o
,

Xu
. .

co
,

- - -

,
X

,
co

IX
= - a

,
to = o

)
.PK#lXo--ol--P(Xzn=o

,
Xza

. a
so

,
. .  .

, Xz > ol X = en ) by symmetry

= P ( Xzn -

- o
,

Xu ,
= -11

, Xun
- a

> o

,
.

. .
.

,
Xz so I 4=+1 )

= P ( Xu -

- ol Xan *f. P ( Xen
. .

-

-
th

,
Xen

. a
> o

,
. .

.

, Xz > o
I X = th )

( the Markov property is also used here)
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First observation :
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Second and third observations :

2. To each path touching the red hue corresponds

a
"

mirror path
"

defined as follows :
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Consequences

:
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Therefore :
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Now it is just a matter of country the number of paths :
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Using then Stirling 's approximations ,
are finds :
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i.e
.

the symmetric random walk is null - recurrent
.

QED


