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Exercise Series 3 - Partitions of unity, Tangent vectors 2022–10–04

Partition of Unity.

Exercise 3.1. Consider R with its standard smooth structure. Let f : R → R the

sign function:

x 7→


1 x > 0

0 x = 0

−1 x < 0

Let A ⊂ R a closed subset such that f |A is smooth in the sense defined in the

Lecture. Find a smooth extension of f |A to all of R what existence is guaranteed

by the Extension Lemma. Notice that f |(−∞,0)∪(0,∞) is smooth but does not admit

an extension to R; i.e. the conclusion of the extension Lemma fails if we remove the

hypothesis A closed.

Exercise 3.2. A continuous map f : X → Y is called proper if f−1(K) is compact

for every compact set K ⊆ Y . Show that for every smooth manifold M there exists

a smooth map f : M → [0,+∞) that is proper.

Hint: Note that f must be unbounded unless M is compact. Use a function of the form f =∑
i∈N cifi, where (fi)i∈N is a partition of unity and the ci’s are real numbers.

Exercise 3.3. Let M be a Ck manifold and let U be an open neighborhood of

the set M × {0} in the space M × [0,+∞). Show that there exists a Ck function

f : M → (0,+∞) whose graph is contained in U .

Tangent vectors and tangent space.

Exercise 3.4. (Derivations in Rn)

(a) Show that Dv|a : C∞(Rn)→ R defined by d
dt |t=0f(a+ tv) is a derivation, i.e.

is R-linear and satisfy the product rule.

(b) Let F : U ⊆ Rn → V ⊆ Rm be a smooth map. Prove that the linear

map DFp : TpU → TF (p)V is given, with respect to the standard basis

〈 ∂
∂xi
|p〉i=1,...n, 〈 ∂∂yj |F (p)〉j=1,...m, by the Jacobian matrix

(
∂F j

∂xi

)
ij
.

Exercise 3.5. Let M be a differentiable n-manifold. Show that:

(a) The differential of a smooth map F : M → N at a point p ∈ M is a well-

defined linear map DpF : TpM → TpN .

(b) Chain rule: for smooth maps F : M → N , G : N → P and a point p ∈M ,

Dp(G ◦ F ) = DF (p)G ◦DpF.

In particular, if F is a diffeomorphism, then DpF has inverse (DpF )−1 =

DF (p)(F
−1).

(c) Change of coordinates:

Let X ∈ TpM be a tangent vector and let ϕ, ϕ̃ be smooth charts of M

defined at a p such that ϕ̃ ◦ ϕ−1 : ϕ(U ∪ Ũ) → ϕ̃(U ∪ Ũ) is defined by

(x1, . . . , xn) 7→ (z1(x1, . . . , xn), . . . , zn(x1, . . . , xn)). If X ∈ TpM we have that

in the local coordinates charts

X =
n∑
i=1

Xi ∂

∂xi
|p =

n∑
i=1

Zi
∂

∂zi
|p
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where Xi respectively Zi are called components of the tangent vector in the

coordinate base. Prove that

Zi =
n∑
j=1

Xj ∂z
i

∂xj
(ϕ(p))

Exercise 3.6 (Velocity vectors of curves). Let M be a differentiable manifold. The

velocity vector of a differentiable curve γ : I ⊆ R → M at an instant t ∈ I is the

vector γ′(t) := Dtγ(1|t) ∈ Tγ(t)M .

Show that for any tangent vector X ∈ TpM there exists a smooth curve γ :

(−ε, ε)→M such that γ(0) = p and γ′(0) = X.

Exercise 3.7 (Spherical coordinates on R3). Consider the following map defined for

(r, ϕ, θ) ∈W := R+ × (0, 2π)× (0, π):

Ψ(r, ϕ, θ) = (r cosϕ sin θ, r sinϕ sin θ, r cos θ) ∈ R3.

Check that Ψ is a diffeomorphism1 onto its image Ψ(W ) =: U . We can therefore

consider Ψ−1 as a smooth chart on R3 and it is common to call the component

functions of Ψ−1 the spherical coordinates (r, ϕ, θ).

Express the coordinate vectors of this chart

∂

∂r

∣∣∣
p
,
∂

∂ϕ

∣∣∣
p
,
∂

∂θ

∣∣∣
p

at some point p ∈ U in terms of the standard coordinate vectors ∂
∂x

∣∣
p
, ∂
∂y

∣∣
p
, ∂
∂z

∣∣
p
.

Exercise 3.8. (To hand in) Consider the inclusion ι : S2 → R3, where we endow

both spaces with the standard smooth structure. Let p ∈ S2. What is the image of

Dpι : TpS
2 → TpR3? (Identify TpR3 with R3 in the standard way, i.e. ei 7→ ∂

∂xi
|p) So

the result should be the equation for a plane in R3.)

Hint: Use Exercise 7 on spherical coordinates.

1Here “diffeomorphism” is meant in the standard sense of maps between open subsets of R3.
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