Advanced Probability and Applications EPFL - Spring Semester 2022-2023
Solutions to Homework 1

Exercise 1. a) F = {0, {2}, {5}, {1,3},{2,5},{4,6},{1,2,3},{1,3,5},{2,4,6},{4,5,6},
{1,2,3,5},{1,3,4,6},{2,4,5,6},{1,2,3,4,6},{1,3,4,5,6},{1,2,3,4,5,6}} (16 = 2* elements)

b) atoms of F: {1,3},{2},{4,6},{5}. Notice that one also has F = o({1,3},{2},{4,6},{5}), as
already mentioned in the problem set.

c¢) Nearly by definition, o(X1, X2) = o({1,2,3},{1,3,5}) = F. Besides, the random variable Y
satisfies: Y(1) =Y (3) =2,Y(2) =Y (5) =1 and Y(4) = Y(6) = 0. We deduce from there that
the atoms of o(Y') are {1,3}, {2,5} and {4,6}, and therefore that Y contains less information than
X1, Xo, ie., that O'(Y) C O'(Xl,XQ) and O'(Y) 75 O'(Xl,XQ).

Exercise 2. Here is a systematic but not necessarily optimal procedure, described in words.

Consider first the list of subsets £L = {A;,..., An, Af,..., A%, }. From there, generate the list
L' = {Bi,...,B,} made of all possible intersections of elements of £ (which are subsets of Q).
Of course, this new list is not necessarily made of atoms of F only. We need to browse the col-
lection and at each item, call it G, we discard it if it is empty or if there exists another element
F in the collection such that F' # (), FF C G and F # G. The remaining elements are the atoms of F.

Exercise 3. a) The atoms of F are the singletons {z}, with = € [0, 1].

b) The answer is no. One can check indeed that the o-field generated by the sets {z}, z € [0,1]
is the list of all countable subsets of [0, 1], as well as all the complements of countable subsets of
[0, 1], which is of course not equal to the list of all Borel subsets of [0, 1]. In particular, the open
intervals are not in the list.

c) o({z}, z € [0,1]) comprises all countable unions of singletons in [0, 1], as well as all the com-
plements of these sets. One can check that indeed, such a collection of sets is a o-field, which is
moreover much smaller than B([0, 1]).

Exercise 4. a) o(X1) =o({(i,7) : j€{1,...,6}},i € {1,...,6}). Atoms of o(X;) are therefore
of the form {(4,1), (¢,2),...,(¢,6)}. The o-field generated by these atoms is simply the collection
of all possible unions of them. Similarly, o(Xs2) = o({(¢,7) : i € {1,...,6}},5 € {1,...,6}).

b) The answer is no. For example, take B = {12}. Then
{O.) € Xl(W) +X2(W) € B} = {(Zvj) €Q: Xl(l,]) +X2(Z7j) = 12}
={(,j) € :i+j=12} ={(6,6)},

which is in neither of the two lists described above.

X1+ X2 is on the contrary measurable with respect to o(X1, X2), which is nothing but F = P(Q).

Exercise 5. a) Consider e.g. X; taking values in {0, 1} and X5 taking values in {0,2}. Then it is
possible to deduce the values of both X; and Xy from the sole value of Y, so o(Y) = o(X1, X2)
(as an exercise, write this down formally).



b) Consider e.g. X taking values in {3,5} and Xy taking values in {7,9}. When Y (w) = 12, it is
impossible to tell whether X;(w) = 3, Xa(w) =9 or X;(w) =5, Xo(w) = 7. The random variable Y’
carries then less information than the two random variables X7, Xo together (again, as an exercise,
write this down formally).

c) The answer is no, i.e., o(Y) # o(X1,X2), as when Y (w) = a + b, we will not be able to tell
whether w = wy or w = ws.

Exercise 6*. a) Use B = AU (B\A), where A and B\ A are disjoint, as well as @ = AU A° and
P(Q) = 1.

b) Use AUB = AU (B\(AN B)) where A and B\(A N B) are disjoint, as well as a).

c) Use U2 A, = U2 B, where B,, = A,\(A1 U...UA,_1); the B, are disjoint, so by axiom (ii)

and a),

P(U;.LozlAn) = P(U%olen) = ZP(Bn) < ZP(An)
n=1 n=1

d) P(Un>14n) = P(Un>1(An N A7) & Zﬁozl P(An N A7) = limp o Z?:l P(A; N A7)

) im0 P(UI (A3 0 AS})) = litmy o0 P(UL A;) = limy oo P(Ap), where (%), () follow from
the fact that the sets A, N A§_, are disjoint.

e) Using parts a) and d): P(Np>145,) = 1 —=P((Ny>145)¢) = 1 =P(Up>14%) = 1 —lim,, o0 P(AS) =
lim,, o0 P(4;,).



