Solutions for the Moore-Penrose pseudoinverse
(CS-526 Learning Theory

1) Define X' as the N x M diagonal matrix with diagonal entries:

Vie {1,2,...,min{M,N}}: (")
0  otherwise.

Then both XY € CV*N and ¥2T € CM*M are diagonal square matrices with diagonal entries:
1 if ¢ <min{M,N}and ¥;; #0;
0 otherwise.

1 if ¢ <min{M,N}and ¥;; #0;

0 otherwise.
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Vie [M]: (22N, = {

It is then easy to check that X' satisfies the first two conditions of the Moore-Penrose pseudoin-
verse: LYY =% and ©tYET = Bf. Besides, ©f¥ and ©Xf being real diagonal matrices, the last
two conditions are clearly satisfied too.

2) We can check that the matrix VXTU* satisfies the four conditions of the Moore-Penrose pseu-
doinverse, i.e., AT = VEIU*:
AVETUMA = US(VV)SH U D) SV = USEISV = USV* = A ;
VETUHAVESTU*] = vENU*U)S(VV)STU* = VETESTU* = ViU,
(AVETUN* = (USSTU*) = U(EEN)* U* = USsiU* = AVETU*
(VEIU* A = (VEISV )« = V(EID) VvV = vEisy = vEiu*4 .

3) A is full column rank, therefore A*A is a full rank N x N matrix and has a unique inverse
(A*A)~!. The matrix (A*A)~!1A* satisfies the four conditions:

A[(A*A)VAYA = A5 [(A*A) A A[(AA) T AY] = (A" A) 1A
(A[(A*A)TTA)" = A[(ATA)TTA 5 (AT A)TTAA)" = ATAATA) ! = Ivwy = ([(A7A) 7T AT]A
Hence AT = (A*A)~LA*,

4) Ais full row rank, therefore AA* is a full rank M x M matrix and has a unique inverse (AA*)~1.
The matrix A*(AA*)~! satisfies the four conditions:

A[AT(AA) A = A [AT(AAT)TTA[AT(AAT) T = A%(A49) 71
(A[A(AA*)T))* = (AA")VAA" = Lypps = AAT; ([A(AAT)TA) = AT(AA7) 1A



Hence AT = A*(AA*)~L.

5) Wehave AA™ 1A= A, AP AA Y = A7 (AA™Y = Iypur = AA™Y (A7PA) = Iygn = A7LHA.
Hence AT = A~ L.

6) A is full column rank so ATA = Inyx s and B is full column rank so BB = Iy n. Therefore:
(AB)(BTA"(AB) = A(BB")(ATA)B = Ay InxnB = AB ;
(BYTANY(AB)(BTA") = BT (ATA)(BBNAT = B InynInxar AT = BTAT
(ABBTAT* = (AInyynAT)* = (AAT)* = AAT = (AB)(BTAT) ;
(BY'ATAB)* = (B'I;xmB)* = (B'B)* = BIB = (BTA")(AB) .

Hence (AB)" = BTAT.



