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Card shuffling
5 = { permutations d-{e- - n }} Is / = N !

Shuffling method = Marka chain on s
'arte !

Question : For a given method
,
how long does

it take to decently shuffle the deck ?

( i.e. to have a distribution E-close in TV-distr

to the uniform distribution on S )



Methods : cut repeatedly the deck

not an ergodic chair ( 51 ! equivalence classes)

M :

"
random to tap

"

- choose a number umf at random in {1- - N }
-
look for the card with this number & put it on tap

This is an ergodic chain !

Clai ⊖ (N log N) shuffles are needed

with this method
.
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PFIUB
Coupling
Xn = chair starting from the identity state Id

Yn = chair starting from Tn uniform
choose a number c-{ 1- . N } umf. at randan

& look after the card with this number in

each deck
,
and put it on top in each deck

.
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E-✗n dit of Yn
Observation

.

After each card number has been picked
at least once

,
the two decks are the same

so if I = if { n >1 : each number has been picked once}

Then P( 4-1-71 ≤ P (Isn )



Caiparcdleobrpb :

F- (t) = f- + + ¥2 -1 - - - + G- + ¥+1

= N - É,¥ ~ N - log N

Var (t ) = ⊖(N2 ) t≈NlogN-
So PLT> n ) no for n >> Nlagn
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choose Ak = { k bottom cards of the deck
are ordered } k fixed

(4--70)

ALAK)=¥
.

~ small

Eek : PÉD (A) v1 if new log N



different
Observation : white K cards have never

been picked, at least K bottom cards of

the deck will be ordered ( because

we started from the Id permutation )

The
average to pick N- K different cards is

Elin)=N +¥, +¥2T -
- -+Nz =NÉE - N(gN - kgk)

Var (th ) = ⊖ (NZ)
= N log%)



Conclusion :

If n << N log N
,
P¥d (tr) v1

So N PII -Thru ~ 1

Methods : riffle shuffle
⇒ ⊖ ( log N ) suffice !

réf :P .

Diaconis :¥> n

(N-52)



Sampling ti ≥ 0
, Eiti = 1-

Given a distribution (Ti , i c-5) on a
state spaces

,
how can we sample

u

from it ?

Easy solution
"

: let ✗ be a r. v. with values .us

such that P(X=i ) -Ti IES and assume E- RN



Generate U~U[91] and declare

✗ = 0 if o≤ U ≤ To

1 if Joc U ≤ Totty{2 if Dotty < U ≤ Toth tñz
'

:

= F-
"

(U ) where E-cdf of ✗
1-

U
_#↓
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Whytosanpk ? 1- .Op¥f#
f- :{q13ᵈ → R

AI : to maximize f- , ie
to find Ko c- {0,1}ᵈ set float = max .

Define a- Go ={ 0 if f-(a) f- max
c-¥ if f-Got = max

where 2- = number of maxima of f-

F_a : sample from it to get a maximum K



Second idea : instead of sampling from UT
Than Tps defined as fllau:

Ip (x) = eB¥÷ ✗ c- {ae3ᵈ

where Zp = -2 eBf⇔ normalization Cst
É u partition function

"



2. Canpuhe#s ( Montecarlo method )

◦ ✗ = run with values in 5 and distribution

ui.e.PL/--i)--n-iic-S
• f- :S → R
• In : Compute F- =_⇐s flirt. .
MC method : draw independent samples Xi - - He
-

& caputo t_-¥f(g.) ~ F-Ifk))



Var ( f-É f-(g )) = ¥ ÉVar(fCg
= Var (fk )

= var*
Std der ~ ⊖ (E)


