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Equilibria of collisionless systems

Models defined from DFs:
Polytropes
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Self-gravity !

V2(®) = 4Gy
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The Plummer velocity distribution function
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Equilibria of collisionless systems

Models defined from DFs:
Isothermal spheres
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Self-gravity !

V2(®) = 4Gy
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Isothermal sphere
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Numerical solution of the non-singular isothermal sphere
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Figure 4.6 Volume (p/po) and projected (3/poro) mass densities of the isothermal sphere.
The dotted lines show the volume- and surface-density profiles of the singular isothermal
sphere. The dashed curve shows the surface density of the modified Hubble model (4.109a).
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Equilibria of collisionless systems

Anisotropic DFs
In spherical systems
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Definition: anisotropy parameter
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Line of sight velocity of Hernquist models with three different anisotropies (3)
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Figure 4.4 Line-of-sight velocity dispersion as a function of projected radius, from spa-
tially identical systems that have different DFs. In each system the density and potential
are those of the Hernquist model and the anisotropy parameter 3 of equation (4.61) is
independent of radius. The curves are labeled by the relevant value of 3. In the isotropic
system, the velocity dispersion falls as one approaches the center (cf. Problem 4.14).
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Line of sight velocity of Hernquist models with three different anisotropies (3)
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Line of sight velocity of Hernquist models with three different anisotropies (3)
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Line of sight velocity of Hernquist models with three different anisotropies (3)
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Equilibria of collisionless systems

Jeans Equations
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Equilibria of collisionless systems

“Static” Jeans Equations
for spherical systems
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The Jeans equations for spherical systems

Canonical momenta

pr:r'.“:.vr
pp =120 = rug

pg = r2sin?(0¢) = rsin(h) vy

The static Collisionless Boltzmann Equation, for spherical systems

%+pr%+@af+ ps / af_<a_c1>_p_§_ p? )8f_(%g’_picos(9)>8f_acp_fo

or 1200 " r2sif(0) 00\ or  r* r3sin®(9) | Op, r2sin’(0) ) Opg O Opy

f candepend on ¢ as pg = 7sin(0) vy

Zeroth order moment of the Jeans Equation | EXERGICE
N
P (sin(0)vo,) = 50 (sin(0)vvy)
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The Jeans equations for spherical systems

Canonical momenta

pr:r'.“:.vr
pp =120 = rug

pg = r2sin?(0¢) = rsin(h) vy

The static Collisionless Boltzmann Equation, for spherical systems

r3  r3sin?(0) | Op, r2sin®(0) | Opy

0 8p¢_

/%l of  pof ) 0f (0% pj P} of %?'_picosw) of 9epf
t P T 2ee T 2ank9) 06\ or 6

f candepend on ¢ as pg = 7sin(0) vy

Zeroth order moment of the Jeans Equation |_E_XE_R°‘°E |
9 (sin()vTy) = 9 (sin(6)vTg) if f=f(H) or f(H,L)=7, =7, =75 =0
or " 00
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The Jeans equations for spherical systems

Canonical momenta

pr:r'.“:.vr
pp =120 = rug

pg = r2sin?(0¢) = rsin(h) vy

The static Collisionless Boltzmann Equation, for spherical systems

/%l+ of  pof ) 0f (0% pj P} of %?'_picosw) of oo pf
t Pror Ti2oe T 2 sin (9) O¢ or 13 r3sin®*(6) ) Opr 0  r2sin®(9) | Ops  Of Opg
f candepend on ¢ as pg = 7sin(0) vy .
Zeroth order moment of the Jeans Equation | EXERCICE -
0=0 if f=f(H) or f(H,L)=7v =0, =15 =0
ey @=c'f-c} =0
First order moment of the Jeans Equation l..___EXER_(_:_‘?F |
o / — 0 202 — E — _35 — — 0P
_— 2 — 2 ~ 2 — .,
gy (vF) +v <8r i r | of 5y (v7) + 20 = vy
where  5_ vptvs v
202 202 57
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The Jeans equations for spherical systems

0 B4 L 0
or ( ) +2 r Vor =V or
0 0D
—28 9 2 28 B
or (vopr™) = —v or

If the system has a constant anisotrpy parameter 8 = cte

or(r) = r25i(fr)/r dr'r (e’ )gi - r2ﬁ€(r)/ A M)

T

If the system is ergodic (isotropic in velocities) p=0

o2(r) = 1 /OO dr'y(r')gi = G) /OO dr’ %V(T’)M(T’)

v(r r




Play with the core radius R_

Plummer: 5 =0r.=1

10 15 20

r |kpc]
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Play with the core radius R_
Plummer: 3 =01, = 0.3

0 5) 10 15 20 25 30
r [kpc]
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Play with the core radius R_
Plummer: 5 =01r.=3

T
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I
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Play with the core radius R_

Plummer: g =0r.=1

10 15 20 25 30

k
r kpl N



Play with the anisotropy parameter

Plummer: 8 = —-05r. =1

10 15 20
r [kpc|

25

30

66



Play with the anisotropy parameter

Plummer: 3 =—-10r. =1

10

15
r |kpc]

20

25

30
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Play with the anisotropy parameter

Plummer: 3 =0r.=1

10 15 20
r [kpc

25

30
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Play with the anisotropy parameter
Plummer: 3 =05r.=1

r [kpc|
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Play with the anisotropy parameter
Plummer: =09 r.=1

4000 —
=" 3000 —
T~

= 2000 —

© 1000

r [kpc]



Play with the anisotropy parameter

. Plummer: 3=09r1r.=1

The kinetic energy
(as the potential one)
IS constant !
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15
r [kpc]

20

25

30
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Equilibria of collisionless systems

“Static” Jeans Equations
for cylindrical systems
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The Jeans equations for axisymmetric systems

Canonical momenta

pr=R=vp
p¢:R2¢:RU¢

Pz = <2 = Uy

The static Collisionless Boltzmann Equation, for axisymmetric systems

%Z+ ﬁ+pqﬁ+ of (0@ py\ of 90pf 0D Of
PRoR " RY06 P*o: \oR  R3) oprn 0d op, 0z op,

)

Zeroth order moment of the Jeans Equations if f=f(HL, = _%% =120 =17, =0

0=0 v =0,
0=0
0=0
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The Jeans equations for axisymmetric systems

Canonical momenta

pr=R=vp
p¢:R2¢:RU¢

Pz = <2 = Uy

The static Collisionless Boltzmann Equation, for axisymmetric systems
) of pdﬁ of (0% P\ of 9®pf 00 of
Z{+pRaR " ’¥os P 0: “\orR "R ) oprn  od dps 9z Op.

First order moment of the Jeans Equations

0 [ —\ 0 v — 12 90
_<yv%)+—(um)+y<R 4 >_0

R OR

0
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The Jeans equations for axisymmetric systems

Canonical momenta

pr=R=vp
p¢:R2¢:RU¢

Pz = <2 = Uy

The static Collisionless Boltzmann Equation, for axisymmetric systems

)

%Z+ ﬁ+pqﬁ+ of (0@ py\ of 90pf 0D Of
PRoR " RY06 P*o: \oR  R3) oprn 0d op, 0z op,

First order moment of the Jeans Equations if f=f(HL, = _%z:vﬁ,

R <”“R)+”< R +8R> =0
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Velocity?

Jeans Moments and rotation curve for a Miyamoto-Nagai disk

h, =0.3

60 — oF
I — Ok
% 40 — — 0%
-~ 20 — Ue
— U,
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B
4000 ’¢
(T%{ + R/p Orpo g2
2000 — —0§+0%+R/96’R0032
Vs
0 - v
I I I I I I I
0 5 10 15 20 25 30
Radius
0P o2 K2 R 0
/ 2 _ 2 o —2 2 2 2 2
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Jeans Moments and rotation curve for a Miyamoto-Nagai disk

h,

= 1.0

60 —
>
b=
S} —
,_.O 40
B}
=
20 —
0 —
4000 —
o
>
=
o 2000 —
<
)
— .
—2000 —

2
—O‘¢
ok + R/pOrpoge
_J?b + O'QR an R/p 8RpaRz
2

c
2
U

20 25 30

R 0

(

vos,

) 85



Velocity?

Jeans Moments and rotation curve for a Miyamoto-Nagai disk

h, =0.1
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The End
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