
MCAA lecture 11

Graph coloring: optimization algorithm

6 =(v,E) (V) = N

qN possible colorings (c=(x, vv) & 3..93V

proper coloring: no two adjacent vertices
share the same coar

Antoday: to find a proper coloring
(no more 9(31)



Define f(x) =#edges with a conflict

(so f(x) =0 iff <c is a proper adoring

πc(x) =3v/za
if x = proper coloring

O otherwise

where Eco = number of proper colorings

xπs(x) =Eyep(- bf(x) bx
inverse temperature
-



Metropolis algorithm
a) base chain: choose ver and c<3..93

unit at random and recor
xv =c

Pay= If yux(d(x,y) =1)

(
ilred. Cr s If y =x
open.
symm O otherwise

b) acceptance probabilities (next page)



axy = min(1,
# ap

T

-- 1 if Mr(y)zπp(x)-

S As(y)/up(x)If πs(z)cap(x)
= 1 If f(x) = flock
se(-p(f(y) -f(x) If flyk f(xe)

2) Metropolis chann: Poxy =<4xy asay of YoeaExect.... If y =x



How to chooses? A theoretical answer

Sampling from is does not always lead

to global minimum off. Set a such that

1 - z =sts(x)
x =global min

Let forminf(d, fn =msf(x), fc =mn f(x)
xeS xeS

f(x) ·3
9

B

f(x)+fo f(x)=to fi

fr ----- a.......... Ny= 4 Nk = the number xc5
----. -...----N= 5-.......

fo ................. 8 No=2 5.t.f(x) = fb
xcS



1-2 =gubamMs(x) =p
fo

- Bfu
Es =ze

- f(x)
=zNne

xtS k20

= No epto +Ne
-A +Nze-Bfrt...

I Noe-Bto+N esfr <A large

No e-sto50 1-s =NNEPhe-PIEfo
=1 - e-S(ff) islog(a



In practice: simulated annealing

B = inverse temperature

ac: high temperature regime

starrese ↓ As vuniform: exploration of s

&high: low temperature regime

As a c



Ising model

6 =(V,E), IV1 = N
spin configurations: w= (ev, veU

5
=2+1. - 13U w2+ 1 -13

I

*aI textorre



Hamiltonian (energy):

H(w) = -ZSundown - Three
(yw)GE- Ver p

interaction" strength," extentfield
Physical principle:
spins tend to minimize their energy



Gibbs distribution:

Ms(x) =BMCal
where Es=EESeX(-BU(r)
and b = I real inverse temperature

(Blow -> Ms -uniform (

(B high at MB concentrated on states of
law energy I



interactions:
-

· Jun > o trw: of & on tend ho

(fromagnetic model) align to each other

· four to tuw: o& Wen send to
go

in opposite directions

Cantiferromagnetic model



Magnetization:
·m(x) = Ere
B cm(s =c1zasN VEU

= average magnetization at a given
inverse temperature is0
- -

- zm(xMp(x) =2 m(e).Me-

85 UES



The Curie-Weiss model

6 = (v,E) = complete graph & meanfieldin
[The "Ising mode: 6-grid, nearest neighbour interactions

JrE8/N> 0 ULrwItE (ferromagnetic

hrtheR EveV



In this case:

H(x) = -Err - Echow
- i(ECENew-ENY-hZerveV

m -- -

N-m(r2 N N.m(r)

-
-N(m(-- ) - hN.m(e)

=-NC+Em(r) -e+hm(l) depends
- -

only on
- -

m(x)



Fix now mef1,+1]:

Ms([weS:Ea =m3)
=zU(r)rES:

m(r)=m

- EEsex(+ sN(G - + hm(r))
m (0m



=E. 55:m(r) =m3.- +ha)

hoL)
where ho(p)=-plegp -(-p)(g(1 -p)

So Mp([w: m(r) =m3) ex(NCs+hm))



f(m) =h(t)+(1h)
HO: ⑳ Bf <1
r

m (high temp.↳ te
maximum in m =0

(m)s =0 flons
B8> 2

· (law temp.)
-m



: -so
50 fail as the


