
①
Harmonie oscilla toi

.

-

Most important basic system both in lexical

*
and quantum physis .

Here we will introduce

the basics of the quantum harmonie oscillation
.

Till now we here considered quantum systems

which are discrete so the Hilbert
space was finito

and we could heat it entireCy through linear algebra .

The harmonie oscillantes is a continuous system

with Infinite dimensional Hilbert space .

Nevathelen we can enenh.cl y hect this System by

using an

algebnaicfamelism.islan of there notre
←

① Harmonie oscillation Hamiltonien .

② Creation and annihilation opevohn

③ Algebraic diagonalisation of Hamiltonien .

Eigen staten in position representation .④
ltfreampletheelechomagnetxfieldisœminfinitecolleehionof•harmonie oscillations



②

① ttarmaricosullatatl-l-n.am .

=The classico l harmonie osiillckn is am Elastic

Spring Nommer .
The energy of a man

attached to the Spiny is eashùhhed by the

Kinetic energy { mer
"
= PI (with peur )
- 2M

and the potential energy { Kà ( Face = - Kx ) .

So the total energy on Hamiltonien is

P2H ⇐
In

+ { KX
"

.

(Nde here X = position cf man measured from
)

.equilibrium pohsition .

Classica equations of motion i

p = MÎ a perhaps in more familier{ À = - K ✗ faim MÏ = - Kx .

Solution ☒ = Aurait + Bsinwt

plt ) = mi# = -Au Simart + Bar ces
art



③
and replace'y court & sina.fi- mÏ= -Kx

we fi- d - moi = - K =D |w=K=
←

fequenaz of oscillation .

-1-1 .

Nowlel-mturntolhequanhunfameh.su#

a) The State of the system is described by

"

retors
"

in the Hilbert space
L
'

( IR )
-

= .tl

functions y : IR → ¢

✗ ✗(x) f I
to

such that fdx / Xcx ) /
~

= 1
.

-•

( a. finite <a)

So
"

shete vedras
"

are now Square intégrable were fets

In Dirac 's notation ✗ ( x ) = (x ) µ > .



④
b) Observables position and momentum Î and Â
- -

are now

"

operators
" (or infini Le dimensional motrices )

actinj on functions of L
'

( IR ) (ou recta of Hilbert
Space ) .

The Correspondence principle says i

(Î 4) (x ) = ✗ ✗(x )

{
(Fx) (x) = - ¥1"

flow can we understand the second relation ? Apply the

relation to a plane wave Y (x) = et
"

with were

length I .
We find Â Y = YI * so the

associated momentum is 2FF = ¥ ( sine 4- = É ) .
This is compatible with the DEBnogh-nelah.cn

giving were length ≤ = d to a partite of momentum p .
P



⑤

c) Now simple apply the Correspondence principle

to the Hamiltonien of the harmonie oscillation and

we get the

q-uanhnuhamiltonianaftheharmosc.tl
=
Î
En

+ { KÎ
"

Nok that introducing the fnequency w=I[
we have K = mat and the Hamiltonien is usually

defined as

À =

Î
En

+ { muixi

This is an operekn aching ou functions of LYIN) .

(À 4)⇔ = fm(p"4Kx, + ≤mai 4)

= -ÎÎ 0¥44) + {muixhfcx )
=(ÎMSË,_ + ≤moi"/ Xcx) .

A differentiel -pencher . _ .



⑥

d)

canmutatiareletienafpositionandmomehm.IN
fact Î and À Satisfy au algebraic relation

( the commutation relation ) which will allan us to

basically une algebra instead of analis is with

differentiel operators 4 solve this system -

The commutateur between two operators a matrices

A & is is by definition [ A, B ] = AB - BA .

lweheuk.is#-ih--Pro--f
: [Î

, Ê] = ÎÂ - jîâ

apply this on a state 4 :

( ÎÂ - À ÎIY =
Î (FX ) - ÎLÎY )

This is e function cf ✗ c- 'R :

✗ fils ¥41" - fit? ) (✗ yc» ) .

ÈFE¥ )



⑦
= - i! ÏË + ih-xcxs-ihx.ie

,
.

.

'

'

d ×

= ihycx ) .

-
«

(it 1) Y . (it times identité ) .

In other made we should that

[I , I ] y = ity

which mears [Î , À] = ils .

Dma



⑧
② Cneatitonandaunihilehiacpevetns

Now we introduce am algebraic formalisme met

pleys avery important role in quantum theory (and

can be extended much beyond the harmonie oscillateur ) .

In particular this formalisme is at the basis of the

quantum description of the modes of the eleehranejvehz

Field .

Since tnw has nuits of energy = J . S . te =3 .

its a good ideo to write down :

Â=hwË* + ÷ )
Then we hey to factorise this "

degree two pd expression
"

but with éliltle" extra term de to non commutation

of Î & Â :



⑨

Â -
- t.IE#+i:EHE--i:Ei)
- twi ᵐÆ÷⇔(ÎÎ - Fi) .

Y
so we find :

Â=ᵗYÎ⇔+iÊî¥÷ - i:-[ î) + ¥ .

This suggest to define

a-
-

I
-
i IE à

2MFR{ à = :# + iÆî

(Note
.

we can show Â+ = Î as it should for au observable )

⇒ µ=tw(âa+±--



④

The operators a & et au called annihilation and
-

Creation operators for masers that null became cheer later on ,

I

Their commutation relation follows from the basic relation

[ Û
, Â } it .

Am easy exercise slows net

[ a , à ] ⇐ 1 .

P¥f : write down [a, et ]= a et _ d-a and

replace a &, at by their definitions and are { Î,Â? ils .
.

REIK : I - fact a & at are first onder differentiel

gaulois a = 1- fit%) - IÎIF ✗
.

Zinho(
a+
=¥ ¥

, )+iÆ× .



④

③Diagonelisatiaeftlandi~kr-tatiafaa.me
feek eigenuelues and eigen rectus of À .

So we

solve : À / En> = En / En ) on

Equivalente
à .at/unS-- (¥÷ -E) ' 4m > .

We thus want eigenveetns and cigonna Cues of Ata .

We define

N = ata
.

and look at [N
,
a] and [N , at] .

[N , a] = Na - AN = a+ à - aata .

←
sina.aat-a-a.tt .

=
àà - (Itata ) a = - a

⇒ |[N?⃝-a.

-

LN, at ] = Nat _ d-N = ataat _⇐Ta = at
-

Itata

→ [N,aᵗ]=À-



④

From the algebra [ N
,
a ] = - a & [N.at] = at

we can deduce the Spectrum of Ota = N . Indeed

let N 14m> = Antun) ( hereMi ¥ -E)

⇒ AN 14m> = Mm alyn )
-

Na + a since [N
,
a) = - a i - e Na - AN = - a

⇒ N@yens ) = Yun- 1) a /Yn) .

oo in made if 14m ) has e- u Mm then alymlhase.ir/4n-1,

sinon iCarly à Ifm ) has c.✓ Mm-R , _ _ .
So the open

is aÊwhichlowh-neyy.by au cuit

• Similaire N 14m>= jemlym ) =D ÙN 14m ) _-Amath

⇒ Nat 14m> = Cent 1) otium )

N (at) 44-3=44^+21 44m)
, _

_ .

and at is a kdketraiqkemg_ byaeaét.



④
finally N = Èa is a positive terni def qperckr .

Indeed < y /NIX> = <✗ tata/y > = Il a /y >À ≥ o .

Then all eigenmann much be ≥ o . The

arly way is to here den Integer and also

a Iyo ) = 0.14. ) = O .

Othenin the ladder op a would rendus to nejahhe

energy Slater a↳ (impossible ). .

In summary Ata 14m > = mtum> Mes } ~ . . .

↑
Integer cigenvahu

Re standard nutation adapted is 14m >= In) .
-

⇒ ataln>= mtn ) = (¥÷ -E) 1m >

⇒ fEm=-hw'-



④
Summer izi -

y
:

-

À = 4- w (d-a +E)

À 1m> = tsw (mtt ) l m ) . ; m=o> 1,2:3 --
-

T

eijenveeta, Genre Cnen .

N = ata is o

"

number opevekn
"
which

Counts the number of excitations in state In)

1. enuyy spectrum cfke harmonie oseilleton .

" +≤*
ÏÏ

?⃝
"

l ])

" " "¥"" "ᵈᵈʰ14 )

(3. +E)4-u

«+E)tu - 12> iM=Êk⇒=Ë!- 11)et :)"
ça

£⑤
so collect ground state lo ) has Zener excitations

Ladder ops at /m> ~ Inti ) and a /m> ~ In- I > .

Gmalation : at In>= ne /MH) and alm) =Mtn)

I-xiimphdbys.in/a+alm)--mandCmIaa+lm)--nH .



Ii. ④

ImpYqumtÊŒa

immature i

Each mode of the free electroniqueha field in

vacuum is an harmonie oscillateur
.

For a mode

of wenn length I and frequence W with 2¥w=

Ji
- e w = c k ( with K = En the were number ) :

d

the Hamiltonien of the mode WK is :

1 Msg f- photon 4-wie times
HK = trwk

« ak +E) = funk -1 photons +"

vacuum energy
" terme ]

F- a set of many modes (sa> in some were guide ) :

À = h-wxfat.in +± ) .

This is not the while story because we should introduce

a pdanidex so for each mode we have two pohrizehzsi

À = [ 4-% [ %
, ,
ak
,,
+± ) when d is binary

k
,
a Ende ✗

.



④
Staten in Position Representation .④
-

The Eisenstein In ) can be representa in the
"

position basis
"

i - e we want to compute lfmcx> = ( xtm ) tort

a belle intuition of there State
.

Recall a / o > = o and In>= Ê- In-D . .

This is enayh tu obtenir the position tepesenktia . Indeed

alu > = o with a = 1- fils¥ ) - l'IIF ✗ mains :

Zmtsw

È ( it ¥/% ") - iIIF ✗ ¥4 > = o
.

- {mwxe
⇒ ¢! (X ) = - mw ✗ % (x) . fdxc

= |
.

→ % "> = C. exrf {mwx
') =ÊsÎË

and C is found from the normalisation condition : fdx / Efx)/Il
→ c-- IE

• féminisation.



④

This is the g-xafctfmlm.sc .

tzmw
"

✗
2
= potentiel energy .

R
.

fi :

11 > = at to ) with at =ç⇔ ¥ ) - IIF ✗

impies 4, (x) = 1- C-it) 4!(x) - iÎ[F ✗ % (x)2m47
IÉ)

✗ %
'
'x )

✗ ✗ % (x) also -

{mw
'
= potentiel energy .

R

. onenote .



④

HisÆ

One can Itera Le /m > = AI tn-i )

F

and find Yn (× ) ✗ (polynomial of degun (x)

T
this polynomial can be compared
"

expliciter
" and is called the

Hermite polynomial tfncx ) .

AN 3 modes

Q , (X ) MMI - .

-
-
- -

• The number of mode corner pouah to excitation level
.

Ground state → No mode

first exa Shek - one mode

second axe shale → Ne mettes - - .

• This hub is valid were generally for onedi-Y.PHbls .
(butin hijhendim Mi-gs setmore complicated ) .


