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Solutions Series 11 - Alternating tensors, differential forms 2022-12-14

Exercise 11.1. Let T € Ten®(V) be a tensor on a real vector space V, and let
Tr = T(Ey), defined for any multi-index I = (ip,...,ix—1), be the coefficients of T'
w.r.t. some base (E;); of V. Show that (¢T); = Ty« for any permutation o € S
Solution. Denote J = (jo, ..., jk—1) = 01 = (ig(0),- - io(k—1)). Then

(O'T)] = (O'T)(Eio, . 7Eik—1)

= T(Eia(o>7 .. ,E¢0<k71))
= T(Ejo’ AR Ejk—l)
=Tpg

g

Exercise 11.2. Let M be a smooth manifold and let w be a differential k-form on
M. We say that w is smooth at some point p € M if the component functions of w
w.r.t. some chart ¢ (that is defined at p) are C" at p. Show that this does not depend
on which chart ¢ we use.

Solution. Take two charts ¢, ¢ that are defined at p. Their coordinate vectors are

related by the formula % => % 8‘2}, Using the transformation law for covariant

k-tensors, we have

~ Z o Oplth—1

. 890]0 8@]1«—1

I=(i0,..,ik—1)EN
(Note that the sum is over all k-indices I, not just the increasing indices.)

If the functions wy are C" at p, since the functions % are also C" (because the

transition map ¢ o g~ ! is C"*1) we conclude that the functions @y are C" at p. [

Exercise 11.3. The goal of this exercise is to show that the wedge product of alter-
nating covariant tensors in a real vector space V is associative.

(a) If a tensor T' € Ten* V is alternating, show that A(T) = k! T
(b) For two tensors S € Ten® V, T' € Ten’ V, show that

AA(S)@T) =K AS®T)
ASRAT)) =0AS®T).
(¢) Show that the wedge product of alternating tensors S € Alt* V, T e Alt*V,
R € AIt™ V is associative:

SA(TAR)=SATAR=(SAT)AR.

Solution. See Tu’s book “An Introduction to Manifolds”, Proposition 3.25. g

Exercise 11.4. Prove that for each k&

k k
AT M= NTyM
peEM
are vector bundles over M of rank (Z)

Hint: Show that given a coordinate chart (U, ¢) of M we have a trivialization of /\k T* M; given

two such trivialization compute the transition function in terms of the change coordinates to conclude.
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Solution. Let M be a smooth manifold. We consider the set.

k
J\T*M :={(p,A) | p € M, A € Alt"(T,M,R)}

Denote 7 : /\k T*M — M the projection map (p, A) — p.

To give a smooth manifold structure to the set /\k T*M we will use an atlas of local
parametrizations. For each smooth chart (U, ¢) of M we have a local parametrization
® of \*T*M given by

D: pU)x RY 7 1(U)
@a) = (= DA = Dy et a1l A A )
Let (ﬁ, ©) be a second chart of M and let ® be the corresponding local parametriza-
tion of /\k T*M, given by
. GU)xRY - 7 N0)
(z,a) = (p= 5_1(35)’ A= ZJ:(jO7,,,7jk_l)eﬁ’> ayde’ |p JARERNAN Vo |p)-
The transition map from ® to P is
3lod: DUNU)xRY — SUNT)x RZ
($’a) = (%:60@_1(33)’5)’

where

-~ Z o Opth—1 .

a/J fr— —— e —— a
apIo Oplk—1
I=(i0,..,ix—1)€ENF 14 14
(To perform this sum, the function I — ay, which is initially defined only for increas-
ing k-indices, must be extended to an alternating function defined on all k-indices.)

These parametrizations ® make /\I€ T*M a smooth manifold by the “one-step
smooth manifolds” theorem. To apply this theorem we must verify that all the
hypotheses are satisfied. The first 3 hypotheses clearly hold, therefore /\k T*M is a
locally Fuclidean, second countable topological space with a smooth structure. We
must check the last hypothesis, which ensures that /\k T*M is Hausdorff.

Consider two distinct points (p;, AY) € /\k T*M, with 1 = 0,1. Take respective
charts (U;, ;) such that p; € U; (we choose the same chart if pg = p1), and let
(zi,a') = ®; ! (p;, A?). We have to find sets W; C Dom(®;) = ¢;(U;) x R™> such that
the two sets ®;(W;) (for i = 0, 1) are disjoint. If the two points p; are distinct, then
we can find respective open neighborhoods V; C U; that are disjoint, and then we
set W; = ¢;(V;) x Rﬂk/, so that the sets ®;(W;) = m~1(V;) are disjoint. Otherwise,
if po = p1, then, as said above, we may assume that ¢y = ¢1. In this case we may
obtain disjoint open neighborhoods of the points (p;, A*) by applying the open map
® to two disjoint open neighborhoods of the points (x;, a’) in the (Hausdorff!) space
bo(Vo) X RZ. This concludes the proof that M is a smooth manifold with the maps
® as smooth local parametrizations.

In addition, each map ® : (z,a) — (p = ¢ (), A =>_...) is linear on the fibers
(i.e. if we fix z we get a linear map a — A). This shows that A" T*M is a vector
bundle admitting the maps ® as local trivializations. O

Exercise 11.5 (to hand in ). For a point p € R3 and vectors v, w € Tp]R?’ =R3
we define wl,(v, w) := det(p | v | w). Show that w is a smooth differential 2-form
on R?, and express w as a linear combination of the elementary alternating 2-forms
determined by the standard coordinate chart (2%, 2!, z?).

Exercise 11.6 (Some properties of the pullback of differential forms). For F' : M —
N a smooth map between smooth manifolds, w € Q¥(N), 8 € QY(N) we have:

(a) F*(a A B) = F*(a) AN F*(5).
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Solution. Fix p € M and X, ..., Xp1¢—1 € Tp,M. We have to show that

F*(OéF(p) A Bp(p))(Xo, vy Xpoo1) = (F*ap(p) A F*ap(p))(Xo, e ,XkJrg,l).

From the definition of pullback and wedge product we have

F*(ap(p) VAN /BF(p))(X07 ... ,Xk+g_1)
= app) A Brp) (FiXo, - FuXpro—1)
1
Y Y sgnoapp) (FuXo) - - B Xow-1) Bre) (FeXo@ys - - FeXo(hre—1)

O'ESk+z

m Z sgn o F*O[F(p) (XU(O), AN ,Xg(kfl)) F*,BF(p) (Xo(k), N ,Xg(k+g,1))

(b) In any coordinate chart y* on N,

F*

Z wrdy! | = Z (wro F)d(y® o F) A--- Ad(y™*1 o F).
I=(i0,..,ix—1) I=(i0,yik—1)
0<i0,...,ig—1<n 0<ig,..yig—1<n

Solution. Observation: From the definition of the pullback F* it follows im-
mediately that

Frw+n) =Fw+Fn  F(fw)=(foF)Fw
for w,n € QF(N), f € C®°(N). In addition to this we use the following

properties of the pullback of 1-forms: let f € C°°(N), and w € QY(N), then
F*df =d(fo F) and F*(fo) = (f o F)F*o.

Denoting I = (ip,...,ik—1) an increasing multi-index (i.e. such that 0 <
10y -+, 0k—1 < n), we have
F* (ijdy]> =F* <Zw1dyi0 /\---/\dyikl)
I 1

= Z (wy o FYF*(dy®™ A --- A dy™*—1)

— Z wr o F)(F*dy®™) A --- A (F* dy'1)

:Z (wr o F)d(y o F) A+ Ad(y* o F)
I

g

(c) F*(w) € QF(M).

Solution. The last line above is a local expression for F*w defined on the
preimage of the domain of the chart (y) by F. The coefficients w; o F are

smooth because wy = wj,, .. are the component functions of a k-form and

lk—1
hence smooth. The functions y% o F are smooth as well and hence their
differentials are smooth 1-forms. Now the only missing ingredient is that the
wedge product of a smooth differential forms is a smooth differential form.
But this is clear because the component functions of the wedge product are
sums of products of component functions of the original forms and hence

smooth. O

Exercise 11.7. Define a 2-form w on R? by

w=xdyANdz+ydzAdx+ 2z dz Ady.

(a) Compute w in spherical coordinates.
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(b)

()

Solution. This is the same 2-form of a previous exercise, w|, (v, w) = det(p, v, w).
We want to express w in polar coordinates, i.e. compute ®*w where
O(r,0,) = (r sinf cos pr sinf sinp, r cosf).

We can write ®*w = a dr Adp+b dr Adf+ ¢ dp Adf, where a, b, ¢ are scalar
functions of (r, ¢, 0) obtained as follows. Denoting p = ®(r, 0, ), we have

o (92 02N i (, 92 02
=\ 0) T\ P e 00 ) T

0% _ 1
because o = r

g 0 0P 0P
= (5ra) =0 50.5) =0

The remaining function is

o (29N et (. 22 92 _
c=wp 90 00 ) = e p’@G’&p =...

Now we note that the matrix (p, %—‘3, g—i’) is very similar, differing only by a

p is parallel to p. For the same reason we have

factor r on the first column, to the Jacobian matrix of @,

sinf cosp 1 cosf cosp —r sinf sing
sinf siny 71 cosf sing 7 sinf cosp

B <6q> 0d 8@) B

Or 90 9y cos —7r sin 6 0

whose determinant is known to be detJ = 72 sinf. Thus we can easily
compute the determinant that we are interested in,

c=...=rdetJ =13 siné.
We conclude that ®*w = 73 sindf A de.
O
Show that w|g2 is nowhere 0.
Solution. We know that w|, # 0 iff p # 0 because w|, (v, w) = det(p,v,w). O
Compute the exterior derivative dw.
Solution.
dw=dexANdyAdz+dyAndzAde+dzAdeAdy
=3 dxr Ady N dz.



