
MCAA lecture 13

Coupling from the past (exact simulation

Am: to sample from it exactly-
time: forward coupling does not work

Today backward coupling-

:

(aka Propp-Wilson algorithm
inder: It is the stat. dist of a Mc X



The algorithm Ciid uitom
1. Draw random numbers Mo, 4-1, U., .
once and for all!

2. Set To = -1.

3. Run the MCX from time to unit

time O, using the above random numbers:

Xu=d(Xio, Una), X = i

and do this for all possible initial states its



4. If X."=Xt Vities, output
this value of X0( = the sample);

otherwise, set To To-1 and restart

in 3.

te: In practice, in steps, go for
to <2To instead of Totto-1.



=
aple: "O x= (Y,Yy)

Xntn = (X, Lenin) where d(0,n) =rustS&(x,u) =0
: No, U.., U-2 iid-4(91]
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#(output state =d
= P(ULE or NotE, ME, UzE cr

NokE,U.n1k, Y-z =E, H- <E,U-sEa.)
= E+ ++ -z = E(1 + k +-+---)

-E =k() =E5 = Er



④(output state 1

- P(UoE, UKE or UozE, ALE, U2,Us

a..- (

- k +0+++... -En +E - 1

- E - 1 =v
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Theaven (Propp.Wilsa)
If 5L20, so P(X = x2 Vitj) <
Then the Propp-Wilson algorithm actputs in

#etine a simple to which is distributed

according to i



roof
· Assumption means:
FLc0 sr.4) coalescence takes place in steps)

=p>c
So:
15 (coalescence does not take place in 1 steps) = t-p <e

60:4 (coalescence does not take place in k.L steps) -(-p)"
-> a

So: (coalescence takes place in finitive)=1
k-> o



· Lev Lo=if[(<0: XXE* tities
Assume Xo UM. m:M =π

· XitouM, so thep
·time-homogeneity: toXilo=/apY
· so M =M.P 50 M =π

(by uniquenessb
A-.



blem: to check AlT = XT Vitie
is too costly in practice

tin: extra assumptions:
· S has a partial ordering [

d

(ex: x,y=50,13: xby if x<yiti)

·FlandC inS st2C4x5 AxceS

(ex. z =(0,..,0),j=(y,...,))
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·

Thereexistsamandane randonmappingin
if xkg, then &(x,u) b(y,n)

An

-
ample: Gibbs sampling for the

ferromagnetic Ising model

state -> tI where (EI)w = e Ww=U

(pick reU at randon 3 (t1)v =I1



and R(s> t1 =E(+ I tank (Bhr()
where hn- EU Tow do the

(V,w)tE

Monotone random mapping representation:

s=3-1+13: ESF if oFI trev
( =(r,...,-1),E=(x1,...+1)



(d(e,u))w = Ru tw+V

3 + 1 if okUE(+tanh (Bh**)
-
I If ECu+tanh(Bh(x)< x =1

iflam: JuwZ0 (feromagnetic made
then d is monotone.(so it suffices to

check that XTO - XET to output a sample



tyforthedamnthen (2, n) & (va

Indeed:4 =2 Toen+he
WVEU: -

(r,witE 2O

So if 515, then h4z(h4))
-

w

=>or <2& hu"(hrPxx)
-

=>(d(v,u) =(P(v;u) + #


