
APA lecture I

5- fields
←

"

fundamental
"

set ( any set )

Ex : A = { 1
, 2,3 ,

s
,

5
,

6) die roll

S2 = R
,

I = ( o
, I ]

r = { orange ,
banana

, apple }
Def

A a field as R is a collection F of subsets of R s
.

t
.

:

( i ) ¢ E I
,

r c- I
=

" events "

( ii ) if A E F
,

then ACE F

( iii ) if (An
,

nze ) CF
,

then ¥ An EF



Example : . D= Er ,
. . .

,
63 ( die roll experiment )

Fo = { ¢
,

r } trivial 5- field ( ← no information )
I = { ¢

, { 13
, {2--6} ,

r ?

I = { of
, { 1353

,
{ 2563

,

r }
F  =P ={ all subsets of r } complete 6- field

= { d
, Eh

, { 23
,

- - . ,{63 ,
{ 723

,
- .  -

, { 1,233
,

.  .
-

A }

• A = ( o
,

I ] ( measurement of sane concentration )
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6- field generated by a

collection
of events

Def: let A = { Ai
,

ie II be a collection of subsets of A

The 5- field generated by A is the smallest

collection of subsets of Sr which contains all elements

of A and is itself a f- field
.

Notation: TCA )
atoms

E± : r = { r
,

- - .

, 63 Iv

Ae-

- { Eel } GCA .
) = I - { 4,43

,
Ez .  . ol

,
R }

Az - { Ees 533 I a ) -
- Fz={ a

,
{ a 353

,
{ 2503,

r }
A -

- {1233,4-353}%(A) =
. . .

Iam?
←exercise )



A = { Eat ,E 23,933,243,953,{ 633 HA ) . Pfe )

← 6
"

atoms
" T 26 elements

. 52=[0/1] = I
,

U
. .

.

U In Ijn In - ¢ tjek
disjoint

F=6( In
,

. . . ,In )
T T

n atoms of I

• D=fo ,
I ] : lamenty Osa Cb EI

F=5( Ja ,bf
,

oeacbe I
, E ol ,{ 73 ) :=BGg1] )

- - - - -

= Bad afield area , H=P( 10,13 ) ?
NE

f- definition)



What sets are contained uh B ( C 0,17 ) ?

{ x } = ? ] x - F ,
xef-CV-xefo.IT ⇒ { xk-BEo.at )

e-

C- B Go ,
I ] )

-

C- Boo ,
I ] )

Indeed : for any 6- field F
,

we have the following :

.If ( An
,

nan ) CF
,

then An EF

. If A
,

B E I
,

then BLA E FIf: . ? An = ⇐AE )
'

EF

. BIA  = Bn Ac E F
✓



. Therefore
, any [ a

,
b ] = Eat u Ja ,

b [ o { b } EBEo.is )
and may more sets E B (C o

, it )

. B&o ,
I ] ) is not generated by its atoms !

Indeed
,

its atoms are : { x }
,

x E Co,
I ]

,

but

6 x3
,

KE Lo , H1 ) # Boo , I ] )
= something much smaller ! ( → exercise )



Examples
: f-definitions )

. R -
- R : Bar ) = 5C { Ja ,

be
,

acb 3) F Pcm )

. D= R2 : B ( R2 ) =r( { Ia , bfx ) c. DC
,

acb
,

ccd } )
t Part )

d -

a .

E- E

"

a
to



Sub - f- fields

Def Let R be a set and F a 5- field as A
.

A sub - r - field of F is a collection G of subsets of r

S.t. : .  if AEG ,
then AEF

. G is itself a 5- field
Notation : G C F

I , In -
- .

EI : I = ( o
,

I ]
I

"
am ' l  l  l I l I I? → §=r(I ,

. . In )

I lloutI  l  I  I  I  I  I I  I I  I  I  I I  I I I → F=f(J ,
-

s
- Jim )

Ink - - - Jm

G CF

D.if AEG and Get ,
then AEF

. if A CB and BEF
,

then this does ndimply A E F



Random variables

Def : A random variable an ( r
,

F ) is a function
X : I → R satisfying

{ we r : Xlw ) EB } E F t BEBER )
-

- - - - - - - -

= { X E B } = X
- ' CB ) R X Cw )

Terminology : ( equivalent ) BEF
X is said to be an F- measurable -

I
,

/

random variable
. Firs)of A

Rmt : . if F- PCs )
,

then every function X is F- measurable

. if F = { d
,

r ) ,
then only Constant functions X are

F- measurable



Proposition

X is an F - measurable r
.

V
. iff

{ WER : Xlw ) Et } E I Fte R

Examples
I if

WEA
. if AEF

,

then Xlw) - halo ) = { o otherwise

is an I -
measurable r

.
V

.

. r -

- { a .  . 6) In =L dial , { 2 .  - - o )
,

r } E- {of first !

uol.si/Xa/wl=fifw--1is Fn - measurable
,

is not E- measurable

2 if cost

Xblw ) = w is not f - measurable
,

is not Fz - measurable

Xc Cuts itwwissoda: is not Fn - measurable
,

is E - measurable



R

• . °

XC
w ) is F-  measurable

2 or  o  a

• • °

41W ) is not F- measurable
1- •  a  •

•  O  O  • 0  0EL
w -

FE¢ , A
,

A
a

,
r }

EE : D= [ 0,1 ]

R
-

X @ ) is F- measurable
-

-

✓ Kw) is not F- measurable
-

--19→ I
°

In - - - In
't

7=5 ( In ,
.

.  .

,
In )



Borel - measurable functions

Def
: A Bad - measurable function is a function f : N - R

such that

{ seen : f- Cx ) E B } EBER ) V- BEBER )
-

= { f E B } = f-
i
CB )

Proposition : ( without proof )

If f : R → R is continuous
,

then it is Borel - measurable
.

Proposition :

If f : Rs IR is Bord - measurable and X is an F-measurable
rt

.

,
then 4 = f ( X ) is also an F- measurable r .

u
.



Proof : Let BE BAR ) :

{ WER : Ku ) EB } = {

we
A : fcxlwl ) E B }

= { WER : Nw ) E f
- '

( B ) } E F because X is an

A F- measurable rt
.

c-
plan) because

#f- is Borel - measurable



f- field generated by a collection of random variables

Defy: Let s be a set and F be a 5- field on A

Let ( Xi
,

ie I ) be a collection of F- measurable r .
u

.

-

s

The 6- field generatedby ⇐ ,
ieI )

,
denoted as

G ( ti
,

ie I ) is the smallest G- field g on r such

that all random variablesX . are G - measurable
.

Proposition :

N ti
,

ie I ) = 6 ( { X. E B }
,

i c- I
,

BEBER ) )
= 6 ( { X . E t }

,
ie I

,
ten )



Ex : . if flat = c twee
,

then Oko ) = F
.

= { ¢
,

r )
. 52={1--6} and Nw ) = w

,
then 6K ) = Pfe )

yyw ) ={t if w is odd
then 66 ) = { ¢

, { rest
,

{ 2403
.

r )
c- a if  u  is even

'

. A - fo ,
I ] or CX ) - OC In

,
Iz

.
Is , Is )

Proposition :

In I. Is Is MY ) - G ( In Utz , .tn?u.Iy
.

)

If X is an F- measurable ru
.

& f : N - R is Bord - measurable
,

then 2- f ( x ) is a Nx ) - measurable rt
.

And every rt
.

Y which is 5K ) - measurable may

be written as Y = f- I x ) for sane Borel - measurable fu f .



So if Y = fk )
,

then she ) c or ( x )
.

& if f is invertible
,

then X = f -

Yee ) and Nx ) c GG )

and so in this case 5C x ) = My )
.

But in general ,
this might not be the case : for ex

.

,
take

4 off XY ;
then the information about the sign of X is lost

in MY )
.

If Y = f ( X
. ,

X )where f :
R2 → R is Bard - measurable

,

then My ) c 6 ( X. , Xz ) .


