
APA lecture 2

Probability measures

measurable
µ= fundamental set

,
F = 6- field ) ←

space

Def A probability measurean CR

,
F ) is a mapping

P : F  → Co
, £] such that

( i ) P ( ¢ ) = o and P ( A ) = 1

( ii ) finite additivity : if An
. . An EF are such that AjhAE¢

then P ( je Ag ) = Ipp ( Aj )
bi "

( iii I 5- addivity : if ( An
,

nze ) CF is St
. Agh An - ¢

then P ( An ) = plan )
title

Terminology , ( AFP) is a probability space



Properties : If P is a probability measure on ( r
,

F )
,

then
:

( il) Ciii ) If An . . An EF
,

then PC Ai ) E . Phil
!

Ciii ' ) If (Amaze)

of
,

then PC ¥ An ) E Plan )
( T
I Civ ) If A

,
BEF & ACB

,
then PCA ) E PCB )

I
and PCBIA) =PCB ) -PCA )

.
Also PAC ) = 1 - PCA )

I

; tu) If A
,

BEF
,

then PCAUB ) = PCA) t PCB) - Plan B )µ
( vi ) If ( An

,
nan ) CF is st

.
Anc Any ,

Khan
,

then

I

,

PC An ) -
- kiss Plan )

I ( vii ) If (Ah
,

nzn ) CF is st
. An ) Ane ,

that
,

then

*
PC ! An ) = uh! Plan )



Exampled: I - { a. 6)
,

Fee PCs )

• R ( { i } ) - I ,

n7CAI-iILaPfEiN_ttIA-AEFexi.Pn@e.ss
.D=

.
I = I - I

• Bakit ) -

- o if  ieq.rs } & RAH ) -
- I

Pzl A ) = Eas Paki } ) = { 1 if SEA

o otherwise

r -

- { r
.  . 6)

,
F = { 4,43

,
{2--63,52}

P p p p

o p a - p a ←

possible
P



Example : R = Co,
I ]

• F = or ( In
, . . .

,
In ) ,I = foil ]

,
IiAEE 4

. F = B (

co
, D) = of a .br

,
o sacbet }

, { 03,43 )

P ( Ja
,

b C) = b - a length of the interval Ta , bf

Cara the oday 's extension theorem : There

exists a unique

extension of P on B Go,
a ] )

,

that is :

. PC Ia , be ) = b
- a V-o.ca a b e a

• P is a probability measure on B (Lo ,
IT )

D= Lebesgue measure on [ o
,

I ] G- uniform measure an Co , 13 )



Lebesgue measure on R and R2

. on R : BCR ) = or ( Ja
,

be
,

a c b )

M( Ta ,
b [ ) = b - a Lebesgue measure of Ta , BC

Cara

theodicy
's extension theorem : F a unique

extension of IM on Blur )
.

Notation M (B) = I B I E I o
,

to ]

• on R2 : B ( at ) = 6 ( Ta ,
b I x Ic

,
d C : acb

,
ccd )

IM ( Ta ,
BE x ] a

,
DC ) = (b

- a ) . ( d - a )

Cara theodore ⇒ Fa unique extension of M an BARZ)

HE → €
,

FEE Na : MCB) - IBI



Terminology :

Let ( r
,

F
,

no ) be a probability space

An event AEF is said to be negligible if PCA ) =o
,

resp .
almost sure if PCA ) = I

.

EI :

D=
Io ,

I ]
,

I -

- B (Co
,

I ] ) ,
D= Lebesgue measure

⇒ every srhglekn { x } is negligible : Geon) Yoo} is alum
{ x } -

- nah
.

Ix - E
,

KEEL
,

soBleakleyIn = o

. r= { a . . o }
,

F -

- PCs )
, PIA) - {? it Ase

⇒ A = { a . .
s } is negligible : Pz (A) = o

.

& A = { 6 } is almost - sure : Pz (A) = I



Proposition
. Let ( An

,
na ) be a collection of negligible sets

Then

¥
An is also negligible.

• let ( Bu
,

nzr ) be a collection of almost
- sure sets

Theninn,

Bu is also almost sure
.

Proof : . PC An ) E Pff) = o

. Take An = BE #

Carseauence : A  = Q n Lo , I ] is negligible w.r.hr
.

the

Lebesgue
measure .



Distributionof a random variable

Def: Let ( r
,

F
,

P ) be a probability space

X : I → R be an F- measurable random variable

The distribution of X is the
mapping pk : Bar ) → CoA ]

defined as :

pm ( B) =P ( { wer : Nw ) E B } ) BEBER)
-

= { x E B } = X
-

YB ) E F

Note ( R
,

BAR )
, Mx ) is another probability space .



Cumulative distribution function ( cdf )

Def.

The cdf of a random variable X is the

mapping Fx : R - [ 0,1 ] defined as

Fxlt ) =P ( { X et 3) ten

= Mx ( I - as
,

t ] )

Fact The knowledge of Mx is equivalent to

the knowledge of Fx
.

e.g :Mx ( Ia
,

b ] ) = Fx ( b ) -
F

,
Ca )



Properties :

( i ) h¥→ Fx Ct) = o
, tiffs Felt ) = 1

( ii ) Fx is non - decreasing : if asb
,

then Fda ) e Fx lb )

( iii ) Fx is right - continuous : help Elke ) = Elt ) t ten

÷
Fact :

I
.

- t

Any function F : R → ( 0,1 ] satisfying properties Ci )
,

Cii )

and Ciii ) is the Cdf of a random variable X
.

Reks :

- Fx is not necessarily left - continuous

- Fx has at most a countable number of jumps



I
.

Discrete random variables

Def X is a discrete random variable if there exists

a fine or countable set D such that

Xlw ) ED fewer
.

Def : for x e D
, p ,

=P ({ X = xD

The sequence of numbers ( psa
,

see D ) is called

the probability mass function ( pm f ) of X

Properties : o space I YKED
, ⇐⇒ Poc =L

Mx C B ) =

,
pre FB c- Bcuz )

Fx l t ) = III. Px trek



Discrete case : a .
. Fx l t )

•

•

•

*

t

2
.

Continuous random variables

Def

:{
X is continuous if PCEXEB } ) = o

ABE Bar ) such that 1B 1=0

Ibe
sgue

measure of B

In particular ,
PCE X - x ) ) = o Face R

Theorem : ( Radar - Nikodym )
/

Bad - measurable

In this case
,

there exists a
" function p× : R - Re

such that Mx ( B) = SB pxlxldx KBE BCR )
.



Terminology : p× is the probability density function ( pdf ) of X

Properties : . p× C a ) z o

the
E R ( but may be > 2)

. fr Px Cx ) doc =p Car ) =P ( Exe R ? ) = I

Fx ( t ) = fast p× Cx ) doc te R

So Fx is continuous &
"

differentiable
"

: FIN=p .
Cr)

- Fx I t )

t

A p× C x ) t P ( { X = x } ) ( which is equal to o teen )



Change of variable formula

Let X be a random variable with cdf Fx

f- :
R → R increasing ( ie

. if xecxz
,

then face ) effed )
Y = f- C X )

.

What is Fy ?

Fy C t ) =P ( { yet 3) =P ( { fix ) et 3) =P ({ xef
-

Yt ) ) )
= Fx ( f

-  '

C t ) ) ten

If in addition X is a continuous rt
.

and f is differentiable :

pylr ) -
- It Fy C t ) =L Elf -44 ) = Pdf '

Yr )) . ftp.qjy ten

-



A strange Cdf

/Intro : the Cantar set
to "

"

,

" ' I
-

→ C - fo ,
I ]Y¥ An ) e Boo .is ) An

What is ICI ? ICI = e -
I Ant

IA .
I

-- I
,

I Azt = I
,

IA ,
I - ¥ - -

I Ant =

3714=1- I (EY = t - 14¥ - 17=1-1-2--0

x E C iff a = ⇐ af where an C- { 0,23

{
x e Mf x = ⇐ ¥ where bae Eons

⇒

Caissie



The

devil
's staircase

Question : Does there exist a function F :[ a
, I ] → Co, I ]

such that :. Flo ) = o & Ffs ) = 1 ✓

. f is continuous V

F ( H

a ..
. I { t E Co,

I ] : F ' Ct ) -031=1 ? Yes!

÷
r

0.75 -

-

-

0.5 -

-

-

- F' ( t ) = O ft E An
0.25 -

-

-

-

i.
#a

in#
* I 7 t Flt ) is a calf !

O

I
• X is discrete ? ng( F continuous ) . X is continuous ? (pain!Iowa

,
where

)


