
①

Learning Infinite Classes I
-

In this lecture we introduce the motion of

Vcdim ( Vapnik - Chernovenkis dimension ) and

diseurs the fundamenta l theorem of Learning

their I i

Am imputant result will Le prend en me

gnowm vente of hyp clamer when the Vadim is

finite ( Sauer ' s lemme ) .

Il .

R
.

C = { e
, en - . . cm } c ✗

te net of ↳ ramais h i ✗ → Y =.io
, / }

Me = restriction of functions in H to C → Y



②

It is a good ideo to vicar the as the

net

efbinaryassigumentslhcc.lk
( cas . . .

h (Cnn ) } c Lo
,
/ }
"

a Ying of elements of C .

*Ïc ex .

%

ETE : Threshold fat { ha = 1 ✗ ≤ a / = te

→

ÏÏTË ÏÎË
etc . . . Mc here has 5 functions ( 5 possible

labelliyswihthnerhddf.ch amant all possible which are / 6.)



③

Definition of ShelterIng .

-

K is said to Shatta a set c c ✗ if

the contains all possible lebeliys

a all rouille fcts c → { o, , } i. e if / Kel = 2
" !

Exemples .

=

• In the previous example choix obviously

H = Threshold fets does not Shelter C = { cierges } .

since we here Idle / = 5 and 2
" /
= 16

.

• C = { C , } Threshold fets Shelter C . Indeed

#⇔Æt
So we get all pénible lahelimjs .

• ( = { Ci , Ca } Threshold fets do -et shek C
.

#÷çTÆË T.i-I-H.co, "ismissi .



④

☐f Yanï

Vcdimtl ) = d is the largest integer d such that

we can find some set C C ✗ with ICI =-D

which is Shaked by tl .

R¥. Vcdimctl ) = d is the Integer such that

• 7 C
,
ICI = d

,
Shaheed by R so

,

at Re has all pénible labeli.gs .

ANDI

• ¥ C ,
ICI ≥ dtl , are not Shaheed by teso,

Srt the dou not contain all ronibblehaelinjs .

D= Max { ICI : such met I tee / = à
" }

.



⑤

ExampI-ofeomruteh.cn#dima)TYl-tsX--R.R--L1xca--ha } .
C = Ici } is shaked =D Vcdimltl ) ≥ 1

C = { Ci , Ca } is not sheHerod ⇒ VC dinde) < 2

Thus Vcdimtl ) = 1
.

b) Interval fcts.tl = { hais = ta ≤ ✗ ≤ b)-

C = { cis is shalthed À ¥Ê
C = { ci -C

, S is also sheHend

n n

t.E-t.E.EE#A
° ° 1 o o 1

& ʰ

⇒ vcdimte ≥ 2
.

C = { C , Crc, I is nethettered .
Indeed the label:&

101 is not obtained by Het fats .

⇒ vcdimte <3

|,dimK-



⑥

c) Exercise ;
-

Cet Habad = { habad = 1« ✗ es - 1
« ✗ ≤d }

f- on a < bac < d.

nhahcd ( ✗ 1
.

t.ME
Show that Vadim (A) = 4 .

d)

Exercicete = { ho : hoc x ) - {fsûsox) ,AR)

Upper Integer part .

Notre this clan is paname tried by are parameter G- IR .

Shen that Vcdimltl) = + • . In other

werden given any my are can Construct C with
.

ICI = m s- t Kc contains au> label-y .



⑦

e) Axis aligned rectangles .

-

1 ✗ c- [a b)✗ [c.d)

✗ = IR
" h

@ b) ✗ [e
, d]
"" { u

¥ËËË fat que to I inside rect -

b

1 n •

| .
•

¥. -I. tï
There sets C are all shettued ⇒ Vadim ≥ 4 .

but All sets with ICI = 5 cannot be shelteud
=

CI
C
,
= ( CF , CF ) cf min •

1.. .
'

'

"

" " '

'

. 1

Cz = (CI ) CI ) CE max O
"

_
• c
]•

'

5. ,/
'

'

"

C
]
=⇔ ,

C} ) cf Anax
C
'

"

"

'

-

'
-

-

→
•

1 Ç
Ca
,
= CCI , Ç" ) cf min

vcdim < 5
.

Cj → Neuman.ly Inside Convex hall
Hence

.

A Rectangle enclosing C, C-C ] Csu Will also
←Le G-



⑧

The can of finite classer .
-

Consider a fini te clan Idel < + x and look

at nets ICI such that 2kt > IKI .

Obviously there sets cannot beÎ since
here are more potentiel lebeliys thon hyp forts .

Thus nets C with l'l I > log
,
/ tel

cannette
shetland . fthismeansvcdimte-logf.tl#-



⑨

No Free lunch Thin revisited
.

=

(et Vadim (A) = to .
This mearns for any

Integer 2m , any
set ICI = 2m is shaheed

and Idle / = 22
"

i. e C contains all pénible

lahelliny forts .
We can tedo the prof of the

No Free lunch Them which was hard on dish cachucha

out of all then lehelinj fafs . Conclusion was i

for any Alg Als ) receiving 1St ≤ m 3- Di

em ✗ ✗ { 0, , } and fc-tlcs.li
(a) Loi (fi )- O

(b) P ( Loi (s) ) ≥ f- ) ≥ ¥

and hence His not PAC learnelle
.

fthn-nivcdima-to-xtlimo-PA.mxis PA cleavnehle ⇒ Vc dime) < to .



④
Fundamenta Theorem of PAC learning .

-

Cet te a- h : ✗ → { est } .

Cet ton fctls.to ≤ l Ch
,
z ) ≤ 1 .

The following are all equivalent :

1 .
H has the uniforme conv prepentz

2 .
R is agnostic PAS laavnahle with the ERM mule

3 .
H is agnostic MAC leavnehle

.

4 .
H is PAC learna ble

.

5 .
H is PAC learnelle with the ERM rnle

G
.
K is finite VCdimension

.

Ping : 1 =D 2 ( previous dames )
2=>3

,
3⇒ 4 , 2 ⇒ 5

( trivial ! )

4 ⇒ 6 ( No free lunch them just dismissed ) .

f6-IIRemamsbbeshewn.fr



④
Now we discuss the prof 1 (6) ⇒ (1)

.

Mainideafinstn :

Recap from lest time Tjecm ) = Max Ike /
ICI --m

5E
and we proved

Thug : V-D we here for f8 >o

p
son
{ sur I Loch) - ↳ ch ) / ≤ 4+4%1%-1≥#
h c- te
_ -

true Risk empirical
Æʰ

risk

This Mm in Mies unifcavmopety holds of we

have 4t§ÊÎᵐ_ < E and thus His quatre PAC
Leavell

.

This can be achieved for m ≥mute,8)= C dtbr
te

f
'

as long as Tjecm) = polycm) .



④
So what temoins to be understood is the bahama

of TECH and nekhly when is it poly (m)?

• Notre that if m ≤ D= VadimGe ) then

3- C with ICI = m shattuedby te [ by definition
of Vc )

=D Idee / = 2m ⇒ JTWmt-2~famf.de#-
• The real g-entier is what heypens fa m ≥ dtl ?

Lemma i Sauer - Shelah - Peur
--

Cet vcdimtll =D < +x
.

Then for m ≥du

we have
d

Teens ≤ E- (?) ≤⇔ .

L'= ◦



④

Pvoof flemme .

-

d

'

• The inex If ) ≤ (f)
d
fa m ≥ du

i. o
i

is
"

calculus
"

and is left as exercice a

[sa Appendix of UML ) -

d

•
we she here Telma ≤ I (Î) km≥ du .

c- =)

Finstock : it suffer to pare

I Het ≤ | { B C C such that te steaks B} /
Number of saluts of C that au

'

Shabad by K .

B

indeed :

E
, Iç ' ' '

Em

B- snubrets here size IBI ≤ d since they are Shetland

# of B- abats of size I is ( I) .

(Nek for i = o we fake B = ¢ which is shelter.dby-venh.cn) ,



④
we will prove the inequ by induction

.

mˢ : C = ( c } possibilities for tee are

tee = { h=o } Keith ⇒ } .

and Kc = { h , (c) = o
, hier = 1 } .

• If tee = { hecto } a Kc = { huit }

Ike 1--1 So Tze (m = 1)= 1 .

subrets Bc c that are shaked is oula ∅ .

( since C = le } is -it she Heed here )
.

| {Bcc , B is shalteredbçte} / = 1 .

1 ≤ 1 ✓

• If Het ( hic) - o , 4*7=1 ) then

Ille / = 2 So Tae (m=2) = 2 .

snbsets Bc c that are statuedone ¢ , C- {es

/ { Bcc
-
Bis sheltoud b) te} / = 2
2 f 2 ✓

Thus base easem marks .



④

inductianhypetheiis-iweassumelhei-quel.ly
holds fa all mets C

'

of site 1 ≤ K ≤ m- i

We must prene it then holds for C of size M .

c'
= { Ca . . . cm ) Î Î

'
. . .

Î
add (
a point J
C
,

C = {C , ; Ca - - - cm } Î Î
"

× . . . ✗

Cm

Possibilities fa lle :

- - -
- - - -

labelinys of C
'

CI

×✗

<
~

- - - - ✗

←

µ Éro alz are possibility◦
Ya 7m

OR for Ci .
1

This set of Yg is collet To
.

× labeliys of C
'

CI [~
_ . _ .

Cm

| eza both penih.li t'es✗

0
y, - - - Yu

1 fer C ,

This set of lébelizsiscalled 41 .



④
we have obviously

Kel = 1%1 + 14,1 .

Inequality on 1%1 i

-
- -- - -
--

1%1=1%1

≤ | { B'c C ' sit B
'
is shakendb>de} /

[
by induction by rennais .

µ
= | { B C C et C

, ¢ B and B is sheHad byH}/
trivial

in summary

flY.IE/LBcCs-tG&B-Bisttnd4eJ-



④

Inequality ou Y, i

-- ----

6-1 À Ctl where té contains pains

of functions I , I which an quel an C
'
and

opposite ou C1 .

À
= { Ier such that 3- À c- de with

'

±Ë
À

mn

Tan ≠ Îc, ) -

141--1 Kel

≤ | { B ' c C ' such het B ' is slatteredbztê}/
induction

= | { D'cc ' s . t B 'UK , { isshalteredbz ÀÀ
since té contains pains of hyp which difference, .



④
= | { B C C such that C, E B and B is

trivial
Shetland by À}

≤ / { B C C S-T C
,
c- B and B is

↑ Shetland by te }

because té c H so more sets au sheltoodbgtl.si-ce une
-

have more fafs in tl .

in summary we here ch trained

1%1 ≤ | Lis ce s.to , ¢ B & B statuette}/

µ, | ≤ | { B C C at C
,
c- B & Bshètood ↳te}/

⇒µel=l%l+Y≤ˢᵗᵈ↳%⇔
.


