
APAlecture ba

Convergence in distribution:

IX ifFxn(t) -> Fx(H)
TTER s.1. t:continuity partof.Ex

Proposition:
x1 XiffE(g(X)) ->ECg(X))

Fge((r)



marks
· For fixed tea, define the function hy() =15xr3
Then Fx(H =E (hr(x))-

I

· If X, Y are rv.s st E(g(x))= E(g/y))
Age Cb(R), when X-Y
So knowing E(g(x)) by characterizes fully

the distribution ofX.



&roof: ("if "part:ifE(g()) -> E(g(x)) FgeCyGR)

fixm for now
Men Fx(t) -> Fx(t) It =.... I

qm(x) Gm(s)ht(x) =1x
What wea >ER

Define 1 if x t(1 - z)
qr(x) = E m(1 -2)if +-E)2x21
oifx =t

Gmb) = 3-forthe



By the assumption made (gm, Ga GCGRI):

#(gm(X)) win (g)) Emce

#(Gm(fu))nt E(Gm(XI) Emse

Aso qm(x) - hf(x) =Gm(x) Fm21,Asce

E(gn(x))=I E(gm(XL)=h E(h)) (if it exists)
=(an E(a(X)) =E(6m(x))
ne c



Monotone convergence them (not seen in thisclass)

· Gm(x) = Gm(x)
so him (gm(x) =I (him Gm(x))

Wh+

=E(1(xx ) =P([xc r))
· Gm(x) =Gner(s)

so im E(Gm(X))=E( Gm(X))
=E(1x = r3) =π(2x -r3)



asien: (if it exists

P([x(r)) =2 E(h(x)) =P([x= r))

ift
=continuity paint ofEx, then LHS:RHS

and we obtain
convergence:

Fx(t) =Fx(t)
#



Proposition
XX iff E(g(X)) -> E(g(x))

↓ge ((r) i.e. o is 3 times continuously

differentiable and
U

:
g, g, g",g arebanded

-



· Proposition

xnXiff 0xCH-4xCH Fre
-
--

(here grlx=eitc re)I
· Characterization ofconvergence with

moments:Gy(x) =x4, K21 D same details

missing



The central limit theorem

Let (Xn, nce) be rid r.v. St E(Xi <a

Sn =x +- - -
+Xn n =1

SLIN:M =E(X) a.s.

Some simple computations:

E(Sn) =uE(X) =n.p
Var (Sn) =n.Var (X) =ne2



Define In-M (equi: Sn=nm+veS)

Observe that E(5) =0 and Var (5) = 1 Un

So "loosely speaking":Sn =np+Fe.C-For ex, take X= I1 upp, 1-p
mean o, var I

C

-inter-reper



:5-z-N(0,1)
Adistribution ofX, satisfying E(x4as

-Unversal result

Ambs:·i.e. P(5x43)Se-Ydes Fre

· SLLN:strong convergence us veryapproximate result
·CLT:weak convergence is more precise result

· for the proof, we will assume E((X) <tos.
· but note here that we cannot skip E(X)<tos.



"Second "proof (relying on characteristic functions)

Ent ziff OCH is 42(r)=et
~N(g) Fre

Let us compute:

↑(H) =E(eit) =E(eit(s-nm)(a)
=

I (exp(x--nml))
-E(ep(((X-mil)
=I( ex(r(x-m)))



Tylar: exp(x) =
1+x+Ol

By independance: small so

454) =E(ep((xi-Mil)
#(exp((X-m)) ranavar.
=(E(1 +(x -M) in(x-m+O())
=>(1 +* E(X -m) -) +0(a))
e

=O =82

--=(1-2 + O())
nec
exp() "


