
APAlecture 13a

Doob's martingale
Def. Consider X an integrable r.U.

& (In, ne/N) a filtration
Mr=E(XIEn), neN

:It is a martingale wr.t (Fn, neN)
roof: (i) EIM1) =E(IE(XIE(lE (E(1x1IE))

=E(IX)) o AweN



(ii) Mr=E(XIE) is Fr-measurable by def YueN

(iii) E(Mut/Fn)=E(E(X(EnelFul
En c Fut

taking
(X1En) =Mn

#
property

Ex: Take X-U10,1]

Fn=information about the first a decimals ofX
11
-....-

-

O

What about ↳Mn?X as



Martingale convergence theorem (v1I

Ler (Mn, nEN) be a square - integrable martingale
(ie. ECM) <tas FnEN) with respect to

a filtration (Fn, new), such that

S (M) <
ts

L NB: in general, ECM is an increasing for Ibecause M2=submartingale



Then there exists a random variable Mas s.t.

(i) Mr-> M a.S.
a

neco

(ii) Ma e Mas (i.e. #(M-Mol4 i)

(iii) E(MolEn)=Mn UnEN

H~ The martingale is closed at tas



Ex: If Xis square - integrable,
then Mr=E(XIEn) satisfies the

assumption, as

E(M) =E((E(XIE(2) 2*F(F(xYE))
=E(x2)+c

So bear (M)
= E(x2

So by the them, I Mas St.lilMa-Mas
but Mo is not nec.=X (ii) .--(iii)---



Remarks

Ifit holds that (Mukoll2K2+e
then in this

por (r)
=K2 +0.

· 1 Theassumption Sep #(M2) <ta might be

replaced by the weaker assumptionsup ID) as

but not by pup #/M1) < tas 0 fora



Example
Define Mo = x = 0,11, Mi =E

Mi rupe
22-M Wp

M is martingale:if0cMm1, then Men eitherMe (0,1)

cr =2Mn-M =1 - 1+2M,-M =1 - 4 -Mn) /0,2]

! so s (My(u)1 1 +as
# (Mnts (Fn)=I M+E (e-M2) =Mn r
-

natural filtration



By the Mum, IMost
Muz- Emerita (i) Mat has as

(ii) Mute Mas

(iii) E(MalEn)=Mn
Fu

↓

-e
=E(Mo) =x

ot I n

Actually, Ms takes only two possible values:0 or 1

&4 (M =13) =x =1- P([Ma =03)



Consequences ofthe theorem

Optional stopping theorem, v2

Let i be a martingale wit a filtration (Fu, nea
sq-int.

satisfying s *(M) 2+co
Let it, I be two stopping times not (Fn,ne) St.

0 ( T,() =Telco) +as we

Then (Miz / Fi) =Mi, as& E(M+) =E(Mn)



Proof:
-

Redo the proofof the optional stopping
theorem, we with N = tos (& use Mat.

....
We cannot yet apply the Mum for M=S

Classical RW, and Ts, Is unbounded.



Hef: stopped martingale
Let it be a martingale wrt (I, neN)

I be a stopping time k u

Define the new process MT
=(M1, n =N)

as Mn=Min =Mmin(r,n)
M

mich

A:MT is a martigate writ (F2, neN)



Optional stopping theorem, v3

· Let M be a martingale wit (En, ne M
be such that (Mntn(a)-M(w)/C HeN,we

for some c<+c. (so the classical RW satisfies
Heisb

·
Let a, bio and

T=if[neNN: Mn -a ar MnI+b3
(So the martingale is confined to f-a,+b])

~up to the time I "



Observe that Minn(a)Ebi Ken, kee
⑧

Ib

⑮

&

*

&

5
-

- i
⑧ 15 -

- a-

So a Minn(a)) - max (late, bya
+a

So we can apply the MCT, v1, saying
(iii) 7 Miro Sr. E(MinalFn)=Mian FueN



i.e. E(M+1a) =E(Minn) KueN

i.e. E [M+) =E(Minn) FueN

-E(Mo) (taken =o)

Ruk: Here, i could be the classical au

& T is unbanded



Example
Consider M=S the classical RW,

a,beN, T=inf[use:Snx+b ar Snt-a]

By the Hum.(v3), we have E(S) =E(S) =0

Observation:Sye[-a,+b3 almost surely
⑪(T= +e))=0

So E(5) = -a(35+= - a3) +b=b))
0 1- 4([5+= - a))

so ↑(3)T =- a)) =ab



Question:

What about considering M =S classical new
and T=infquEN: Sn2+ b3?

Does it hold that Ei)= Eol!
CNB: P([Tc +0)) =1)
-

because (Mirn, "EN) is not bounded from
below!


