
APA Lecture 14a

Martingale convergence theorem (v2)
Let (Mn,neN be a martingale s.t.

Sup E(1Mn1) < +as
UEN

Then there exists a random variable Mas

such that Mr- Ms as. That's it.
4-e

Proof:omitted (uses"upcrossing lemma")



Remarks about the assumption: E(lMal) at0:

10) It is stronger than super E(m) 2
+0:

Actually E(M) =ECMo) by assumption,
so (M) -S (M) = E(1.) <+.

So is not an assumption!
But E(1M1) is increasing in general, so
the assumption on the top is a true one!



29 If (Mn,new) is a non-negative martingale

(ie. Mn(r)?0 FneN, kwer), then the

assumption is automatically satisfied:

S E(1Mnl) =sup E(M) =E(Mo) < +as
HEN

So a non-negative martingale converges as.

(same thing for M non-positivel



Example:
Ler (Su, neM be the classical random walk

· Mr=S -n is also a martingale
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· Mn=exp(dS-con) as o

For a given Co, M =martingale:

E(Mnt(Fn) =E(exp(0 Snen - cont)) IE)

=E(exp(0(+Xen) - 2. (n +1))) n)

-E(exp(Xn)) explasu-con - col
- .eptee↑c= log(cosh (r))



So Mn=exp(rSn-logcosh (r) n) is a martingale

cation:itIinfEnse:(nlas
then the optional stopping them (v3I

allows to deduce the value of

E(epp(Bia)) for any B>o
and therefore the distribution of Ta.



Consider the case o =1:Mr= exp (Sn-logcosh()n)
·
M
=non-negative martingale

· by the MCT(v2), 7 Mo st Mn-Mosas.
· consider In-logMn=Sn-hf.n

Ya

>n

+I Y- - CS
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So. E(IM -Mol) =E(IM1) =E(M) =
-

=0
=E(o) =1

no l"-convergence!

· E(MolFu) =I (o(n) =0 FMn

no closed martingale!



Puzzling fact:
Var(Mn) =# (Mi) - Elil
=E(exp(2Sn-zlogcosh()n)) - Elmo
=E (ep(2X)l"expl-zlogcash().n) - 12
=(ee". Gosh())--1
=cosh(e)"cosh()- 1

-(e)i - 1 -> +as exp.fast
n ->a

>1



·
n



Generalizations to sub- & supermaningales

Sub-
1: Let M be a super 3 martingale be

such that sup E(M) <+1. Then
nEN

there exists a rV. Mr St.

(i) Mnis Mos as.

(ii) I(IMn-Moll moo
(ii) E(MalE) = in OneN



12:Let CM, neN) be a ba) martingale
such that

Sun Elchat?
I

reE
then 5 a r.V. Mas St Ma- Mas GS.

n->c

(remember Mnt =max (Mn, 0), M =max(-Mn,o

rollary:IfMeisanon-pativesubmachingin cases areE 3 then it



*1:Mn =exp(5) =non-negative submantegate

sup E(MT) =Sp.E(M) =+as
HEN

so no convergence to same Ma

#2:Mn=ex(Sn -c-n) alogoosh (1)

=>Mit non-negative supermartingate
> IMo sr. Mrs Mo as
& Mos =0 (same reasoning as before



If cis large enough, then Sup #(MI+ as

HEA

So: (ii) EmollO
=E((Mn))
=E(Mu) is decreasing

(iii) E)=Mn r
=O


