Homework 6
Quantum Information Processing

Exercise 1 Useful identity for realisation of CNOT logical quantum gate.

We consider two qubits (for example: spins 1/2 or general two-level systems) and the
following operations:

- Rotations of angle 7 around z axis for each spin
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- Hadamard gate H = —= (1 _1>.

- Unitary evolution U = exp (—Z%’H) associated to the (anisotropic) Heisenberg hamiltonian

H=hJo] ® g;.

We let the system evolve for a time ¢ = .

a) Calculate the product
I@H)U (R ®Ry)(I®H)

where [ is the 2 x 2 identity matrix.
b) Show that this product is equivalent to the 4 x 4 CNOT gate defined by
CNOT|z) @ |y) = |z) @ |y ® x)
Here z,y € {0, 1} and & addition modulo 2. The bit |z) is called control bit. The second
qubit is flipped iff the control bit is in the state |1).
Exercise 2 The refocusing technique

Consider the hamiltonian of Heisenberg type (here highly anisotropic because only the
“z” term is present).

H = hJo] ® o3

for the interaction between two qubits. Let

Ry =exp (iﬂ'%) ,

the rotation around z acting on the first spin (also sometimes called a 7-pulse). This is a
one-qubit operation.

We consider the above Heisenberg evolution of the two spins for a time %, followed by a
m-pulse, followed by the above Heisenberg evolution for a time %, followed by a final m-pulse.
The total evolution is
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Uit = (R1 @ 1) eiE (R @ 1) e i
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a) Show the general identity valid for all times ¢:
(Ri®L)e " (Ri@L)e t* =T, ®l,

b) In practice J << 1. Can you say a few words on the physical interpretation of this
identity ?



