Not all embeated  submnids ' be expressad as el s
A smaoth  submersions. Howewer, e next PROposition shows #hat
@V@ry ambedied suimndd e ot loust /O(éa’/y A s fom .
Peov. 511 - let S be @ qisct ol a smooth m-mnid M.
en S 5 an embedded  k-sbwpdd 0d M 4 every pt
i S hes ne(gnbmmd U n M st Uns s a level
set b a smooth somersion U —R™S

JROOF -+ ES8EH. )

i S<M 5 o embedded omid , a smooth mop DM
st. S s a régfu/ar level 2t £ @ 5 culed a Atining
Indp H0r S (I te qaia) we NM=R™ it s uselly e
a cefining Junction Hor S for el exanpies | see 58 and
£59.) M;ré gerercdly, { UsM 15 an gon sbsek and & U—p/
o smaoth mop st Soll B oa wggdar levd et ot &, then
b i wled o locad cetining pep lov o/ deﬁm&y Inct) for
S.PRop. S1L sy that @vm; anledced  bmnid  aohrs a load
de%inm? It in d n@ighbarhxd o ewh of ifs pts

DEF 519 Lot M 2 a smooth mn#d. An immersed Lbmunidold
o M 5 o0 wbet SeM adowed with a topolagy (not ne-
essumly  the dibspace top) wrt which it s a fp mndd,and
a smooth shuttue wrt iidh the inclusion mep SesM 5
i injective) smoath imimersion. Tre' - odimension oL S in M55
detined c&  dim M - dim<.

D)




Observe  that every embedded  wmndd 15 an immersed

UOMNAG | bt the omnverse Jails  In Zg@nﬁw j see, v instune,

ESSE3() and ESTE4) Hor & (Cunterexample .

Prop 512 (Tmoges o immasions g5 sbnanidolee) = Let £ (/-
be an injective Smooth  jmmersion . Set  S-=F(V) T S s
a Ungue fqm/@gﬂ/ and  spooth stwdure st it s an iminer-
@ bmndd b M oand St.OF AN —5S 5 a CiFHomor-
pPusm onto its image..

PROOE - We. give S a Topology y dedanf% a4 et U3
m & open #H FUUWeN b gon, ol then we gue It a
Smodth  stucture by Tuking fhe smaoth charfs o be thoe A
e dom (Flu). @OF").) where (Ug) s a Smooth durt for NV
b b the peof of Peor. 53 the snooth mpatibiity A #ese
tods Jolows oM the oot onpatibility o fre onespon-
dt@c/ harts for V) With  this 10p. and  smaoth  SUaUE - S,
e mop T s @ ditfeomopism onto IS imgge. e a2
are the only op.and smadtn - studue a0 5 with this proferty
e indusion wep L Se>M o b imtfen o5 e On-
Saon

S F‘L>/K/————E>/VI)
whore the Avst mop 5 a dfeomopiism ond the seand
My s ¢ smooth (mmerson , o L5 ako a smooth  immer-
o0 by FSOELG)  and  ESGES(). a



EXAMPLE S 14 The figure -agnt (lemniscate) fom £X 4.502)
b the imoge A the i JEUVE  smaoh - [mmersion

B (~77, 7) — % > (jfmfz‘, sNt) '
(Wich 5 ot o emb@adwy ) 50 it is an immersed  ubmndd
A R% when glen an appeprate. 10 1094/ anc! smooth SIuadue.
As U, it s citfeomorphic to % Tut it s hot on embed-

d submndd of R, boawse 1t does not have #he ubsue Top;
Ve ESTES@.

Exerase , .
= | a4 { L P s o ' & S § -
—> gt M b a SMAImM iy i dnd ek SeH e oo

gindd. Show that ¢ very subset d S Hut

Immersec
5 ooen in the UWe tp. B oako Oen I it gen

Ubmpid 1op. 5 and e lopverse Lo ftue #H S 1S am-
vedded

Gien o swooth  sbomndd that /s only brown fo be mmered,
tis oten usetd o hoe smple nfena that quanntee ot it
£ embecded. The pext propositn gives everad - such cntend.
PRop. 515« Lot M he a smooth wnfd and let S ke an
immersed ybmn#d A M. IE ay ol the fd{omj/ holck, then
S B anedaad.

(@) ©0dim,S =0

(b) The indusin mep LS esM s proper

(&) 5 5 ompuct.
PROOF - ESTEL | Jolows  reecly hom PROP. 4.6, .




Althaugh meny immarsed  sibmndcs de ot anbacced, tre rext
dPosition Jows that the lowdl stuctue ok an - immersedt b=
Wil 5 e sume as tar o an ombecddd ae.

Prop. 516 (Twarad wimanifolds ae bty onbated) : T M
5 4 gnadh Mmndd and SeMd 5 an immersed  Ubmndd, e
for euch peS thae oxsts 4 reighiorhaod U ot poin S ek
5 on emipdded Lbmndd of M.

Iroor - By desumption, L:5<=M 15 a MO immarsian , 50 by
he lowd - emaeccny . ESZE3 awry peS hus a neghar -
hod U in S st i, U emM boa sraoth anbedding i
poves e assertion. s

G sbmndd of R we intuitnely tink of fre furgent fuie
s at o ptpes 05 u Uspue o te tfurgent spe B R®

/p";b

Firathy , we  discuss e taryent  seee 10 ubmnics . T 5 is

Similaly, the turgert uce 10 smooth submnid ot an abstect
Srooth Wndd  an be newed s @ sbspace of e torgent o
b the ambent mndd,one we make appropiate  1centifictions.
let M be a smoath mndd ond let S be an immersad or
rmbedded submndd o M. Since the indusion mup L SesM s
(ot lecst) ¢ smooth imwerson, dt each pt peS we hove dn injec-
e finaor mep d b (LS —> LM In ferms A dernvations Bis
njecion. woks 1N the :fo/@xwy oy R oy vetor VeS, e
imagﬁ vector 0= L0 e M acts on Smaomh futs on MYy

T4 = 0, = y(o2) = v(4ls)

Ieh



e usually ideptity TS wih ifs image di,(T,S) uncer dy,
th@(ebs/ ﬁunb‘ry ot TS5 as g @tn lincar subspace of T4
This I1dentikication  mekes  serse rzyayc’/éss & whatrer S 5
ndecded  or immersed.

There are soeral aferative woys o daacenzing TS5 as
U spuce o M e ESTES and ES7EH for suh results . e
hext poposition, for instarce, giies o Used wuy 1 chavucenze
(S In the emicded (use ; one ap shaw frut it fwls in the
non-embedddd (use.

PP SAF et M Lo a smooth wndd | leb SeM ke an embat

bl submndd and et pesS. As a subspae of M, e trgent
pace S 15 hawctenzed Ly

hS = {vehM | ut=0 wheraer ZeCU) with =0
PROOF - Tik vel,S € bM. Tren v=dl (W) dor some we]s,
where LS <M ois e indusion cp TE Fe CTM) with Al =O,
ton vt = L) = w(Hls) = 0.

onersely, i1 vebM sutisties vE=0 wherever £ wmishes on
S,whts t. u=dulw) r some welS. et (x,. xY) ke
fie odinates for S In some m@zgnaymod U ot p so taf
UnsS ={(x . x)ell| xtt= =x"=0]
nd - (x* ,,,,)x") are  ordinutes  for UNS Since the Inclusion
mop [ UnS <M hus the (ordinate 1epyesentation
(X )= xbo o)

n these (oodinates it dllows that 1S = L, (T:3) s excutly

e
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fhe Subspace ¢ oM panned by
9 o
ol ol
I+ we Wrife the @ordinafe  rawesentution of Vel as

w:fwﬁ-) )
P

[=L oxi
then VeTS i =0 Joroall >k
let g e 0 speoth bump At vt in Uttt s quad
fo L in ¢t neighborhood ol p. (hoose an index >k and on-
Scor tre foct £00 = wOOX) | exfended o be za0 on Mesupp.
hen 4 vunishes  icenticadly on S 50

St Ox¢ L prpestics
fhus, Vel,s, ds sired. g
Ger a smoth md M and o subset S ot M, bee are

wo very ditferent questions O @ cisk . The smplest guestion
5 whether S [ eccad submndd., Sirce embeckiad sub -
mnids are exitly thoke  susefs WJ&,/% the o Sice ©n-
dition , this is simply 4 question - about the subwet S itseff :
citer it 5 an embedded bmedd or it 5 ot and i SO, fhen
tre fopioygy anc smooth studure matg It info. an embeactad
uomnid - ae uguely cefermined aqorciry o L58C6.

A moe sbtle question s whefrer S am ¢ an immersed 16-
mnid. In this se, reither fre Topology nor fre. smooth strudtre
5 tnown 1IN aovince. o one neecs o (kb whether there ore

@



any opolagy  and smooth - stixtwve on S W”mé/ it inTo @)

Immersed submntd. This  question s ot alwelys sz‘raughtfomwd
o answer, and 1t @n Y2 especially ficky to proe tat S

not an immersed bimndd  Here s an example ¢t how s

n he cone.

EXAMPLE 518 (onsider the wbsef

5= {(X/)CPQ [y = xl} K=

* s sy fo hek frat S (o) 5 an ewalded 1-dm
wbmndd of R2 o if S tselt B a0 immersad ubmndd at
it pust be L-dim. Sppase trere were some snooth wndd
stuciue on S makiry it It a0 immarsed submndd . Then
oS Would be a L-dim sspace o T BE 50 by ESTESW)
tree wauld be u smooth e (-¢¢) — R? uhose imaye
B in S, and that ubstios y(0) =(00) and y(0) 20 intiry

= (X)), we see that YO fukes a globad minimm
at t=0, o yl0=0 On fhe other hcnd, since every pt (xpeS
Utishes xtzy? we hove XUE) =ylt) dor au tel<e) Ditboren-
aatmg twice (nd ;‘ngmg F-O, Wl (onduce  that  9X(0)*= £y’(o)2:
O, which is a (ontradicon . Thus, there. s 1o Such smooth midd
Stucfure on S




ADDENDUM = SARD S JH AMD WHITMEYS W

T (s ) . F-M—sN 5 0 saath mep dewean
Goth mndds then the et oL Gittad vdlues of Fohas mad-
e 220 in /V. |

~ "avost all? cet) g Gulor valies of Fo=>
= "aimaxst all” el sets Fc) A F oae P%O/D@//y ambeddad
ghdds o M ol dimension  dimM -dimM.

Tod (Whitney's ambadting thm) = Bvery  smooth p-mndc! - achur=
w popgr Snodh @nvbécbfrg/ nto B
~> By aoth n-mndd is cieomarhic o4 pgerly an-
hodod bmndd oA R

TYPPE ) Ann b A Aim s dann PV T2 [l 2 / -
(16 H,wzfney s @MaaccIng W), PR P 5.2, Uam 5 oM T

f\\‘l A

o

] 4 {7 \ [ < ”—?51\
ot o Poop Lo and ESBELL))

i\
%

JHY ( WMB IMmMexsion thim) - EVQY\/ smooth h-mndd - admits ¢
swooth immerson into B

he doe two thms ae sowetings cdened fo as he asy
o weak Whitngy emiedding  dnd immerson  thms, 2aauise Whitney
dhtuied lafor the. folowiy” mprovenants.
JHd (?fmng lohifroy ameediiry pm) : Gien nzl overy smaah n-
mdd  admits ¢ smoo anlecdiny o R
I_/ﬁ__ﬁi(ﬁ‘mry hitrey immesian thin) - Gien =2, Giery smaoth n-
dd ddvits @ Smeoth immesion it R
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for the poots of Wl pe ave raufs,as wel as a disus
Sn A sers of maawe zeo (0 PN g b smooth i) we

elr to [Lee, thaptor 6 and Agencix €.




