EYAMPLE 411 Lot (xy) ke tre Stundord  coodinedes on R
1) osicor V= é%é XUR?) The mz@%m/ wunves AV oae
pecisely e Sfraight lires paradlel 10 e X -axis, with  por-
metizations ¢ tre dom x() = (a+t, b) o wnsnts GbeR

‘ Thus, thae is d unigue infegred - ame
CSIES ) g e an p o e e
:__,_.}’ mcg& o ditferent Ncgmj uwes
e e gther idonticd  of disioint.[/11
—\/12

9) (onsicer Wy '~y—— + X ~——/-é x(P?) T defemire  the /N‘égw/
wves o W owe powed a5 {dows (s p.7- ) -
pt) = =)o, )~y = Wy =
(16=-20 (@400
[ Jolt) = ()

L) = qeost - bsint
5 (® = asint +bcost (= -y @)

e
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Ix (onslunts @, beR . Thus, uth wnve & the form

| e (acosz‘-w;m asint + bast) | telR
&—_—7 1 5 a0 ntegrad Gove A W. W o=
| L - =(00) this s the ostant wine JH=00
olrerwise. it s a (e  trversed dockuse.
B Since y(0)=(0,9), we  see agouin that #ere
5 a unigue intggred - Wve 57“0«0% at 5
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ah of (gb)e R?, ond the imoyes A the vanas inegrad

uwes  gre citnagr icenucad  pr d@'oz’nt

DEF 19 Jet M 2 a smaoth mnid

() A fow_domain for M5 o0 open bt D s Rx M with
he Pmpgyz‘a/ hat  for axh pe/‘/f,ﬂ‘@ set

DPl=ficR | (tp)eD} cr
5 an open inferved gi;)s‘v:f‘cu‘mry O<K.

OA How on M 5 a ©ont mop O 0—HM where Ds
cRxM 5 G Jow domcin, which sutisties the fo//ow%
group liws -

- ¥peM - AOp)=p
- ¥5e DV 1 PP it ¢ DB we  hove
(t,9(s,p) = Q(iéjp),
When D=RxM (and rence @ 5 o ont. [ett R-ccon
n M) we suy thaz 9 15 u _gl/oﬁéd How on M lor a
0ngpulkgmeter_grap cetion )

(O A weximad flow on M 5 a dow tuf acmits  ro exten-

Son 1o a How on a luger ow comain

et 0:D—=M e ¢ How on M
For eoch peM we defire a mep

OF : DV — M oP@) =OEp).
For aach telk we defire « set



Mt = f(pc/\/f | (t 7)59}
omnd G op
O Mt — M, &) = At p)
These ops stisty  ©,-6s = B O Q) =Tdy SO @h Ok
5 o homeorophism , ad i © 15 smooth, then @ O i
fod a d/ffeoﬁvva‘sm,
ofe that  peMt & (tped © te2?

PQOP 712- T4 - D—=M s a smoth Low o M)Wf)
the intinitesimd  geverator Voo O, detined a5

M — > = M) - <] (0l

V MM, pre Yoz 070 = § 0%l

5 a smpoth vector field on M, and awh wve o 5

/

inte gm/ wne oV sturting gt per
PROOE - Whan D =RxM, this s [SIQEH. The prook o #he
evered e 15 essentiadly - jdenticd 10 the oot for giohal

flows .

B

Tud 714 (Funcemental treoen on dlows) = let V' ke a

smooth vector el 00 smooth mndd M There is g unge

smooth meimed fow 0+ D—M  whose  infinitesimed - gepeia-

e 15 V.S fow hus the a/o(owm P}’O]Dért(’és

(a) For ean peM | the anve e ﬂ —M 5 the umgue
Mo e /’m'@?/m/ e oV O%C(X)'WL/ N the sene Hur it
ng e extended 10 an /ﬂf“ég}/(,é/ e on any /tgw,;w,r aen
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() T4 seD? then DEP) 5 the interved
DO - D5 = (¢ s | teDP]

(VFor eun 2el the set My 15 qen in M, ond #¢ mop
Bt Mt — M+ s ¢ 4 fféo;fnoypmsm, Wit nerse. O+

o For the pot we reter o [zee, hm 4197
(8 \
~ W hove De My = te PP -i> ,29(6@/”) = DP_+
din

= e D0 = 9(p) = Bl p) <« M4
thot s, Qy My =My | teR.

The How whose existerce and unigueress are gsserted in
M L1415 whed e fow gérefzr/z?d h V,or ust the
o o V.

EXAMRE 215 - The two vecior felds on R? cdesenbed in

Ex 71l hed il duves defined for all feR 5o they gere
rute g'(oba;/ Aows We @ write own  Heir Hows expliaitly

O R xR —pR2 (1, (xy)) > (x+£,y)
(For ah teR\Dl, 6y), runslutes the plare 1
the lett (3<0) o o the ngpt ($:0) &y a dis-
luree 1H) |
O RxR®—R2 (£, (xy)) > (Xost-ysint xsrt +yost)
(Fi)f akh telk (9, o otates e plane zi’bmugfﬁ o
agle t awut e Ongn)

However , there are alo  smooth vactor Aok whose /’;f)fegm/
unes are pot cehined for all e R Hore cre two éxampes: @




i) M= R\ (00! , \fr: a——): e X(H)

The unigue infegied wie o2V sturdirg ab (Lo)ek s
y(t1=(#-1,0) Howewer, it ot be extenced contiruasly - st
f=L  (Tus s it fely evicnt boause A He et in M at

e onyin )
) M:=R? W:= X—-——é)C(M)

The uw/u@ /f\fegm,/ ame ol W start gy at (10) s
ﬂzﬁ):( 7 0) Tt oot be extended pust  t=L e ifs
X-(oydinate 15 unpoundad  as £ L.

DEF 216 A smooth wactor fied Voo a smooth mndd M
b wed (omplete # I gmewtes a globd How, or auu-
wently , 14 ain ot its maxmad integrad - duves s defined
Jor all feR

It 5 hot aoys eusy fo  defermine by ookmg af « vec-
e fied whether it s omplefe o rot. T4 ore @n sohe te
ODE explicitly fo fnd all A the infepred - aives, and they A
exst Aor all time, then te wator feld is lonplefe On - e
other hand | i1 ore wn Ard one single. - integred - cuve tat ot
Y edenddd fo all ol R, then it is rot ompete Fowewer, it
s oo ipossibe 10 sobve e ODE eliatly o 1t & usehd
o hve some ;mgm/ infena for dete imininy wheo  a vector
fdd 15 omplete  The Aol oluly  théorem  provices such at critenan.

Por its pood we refer to [lee, Tom 916] B
| -



THM 717 - Bery (ompuctly supportec smaoth ator 4eld m «
(mooth  mndd 15 lomplete.

In partiaderr, 00 G OMpUCt S0t NS, Gkery smadth iector
fidd 15 omplefe.



|(H. 8 : DIFFERENTIAL FORMS |

-DEF 8.1 /et M Qo a smoth mnid. For auch pett e e
the forgent Soce dt p, deroted by M, fo te the cuad
e to HM

M = (M)*
Hemerts of 7'M are auied  (tungont) oedors gt ped.

Ovan  smooth  loced  doordinedes (%) on an open awbset UM,
b aun péU the  (oidinafe  hasis (9/@@ IP) or M g;»/z/és d
o a duat losis foc TXM, which we darote  femporanly &y
P2) Any (ovecor weTM @n thus B witten unigudly as

w= w2
where
W = w( %]}))

Givan row aotter st b smoth laad aordirotes (59)
Wose  comuin confeins pell, darofe by (P),) the basis 10
VM dud o (2/0% L) We an (ompte the omponars A
e some owctor (e M with tespat to e e (OVH -
nate system os Holows . Reaull fiest trot the  (oncinafe eaor
helds  temstorm as  folows -

2 ! _ _?E | b) 2

p

OXt | X 5)‘5 p (%)
e latwe 5, p.38 Wnting w i Loth Systems  as
W=ty Al = W jjfp 5 103



we an use %) fo mpute W in fens ¢ (IJJ

W, = w( a%lp) - w( %j(p)%lp)

%) [ D 1

‘éxz;—(’)){»)(;@}p)

:%W% )

J

DEE 89 - Jat M te a <oty mntd The (otargent lundie
d M s noted by "M and s cetined as the asjoint
Union |

M = L) TIM

Pt
here s a natuwad  pojaction mop
MM —M, we TP —p
s dove, gien ooy snaoth ol wordingres (%) on an pen
et UM, for euh pel we denote by (M) the huss fr
Y duad o (9/9)«‘/,7) iy defines n meps
VAU — T

(o ke doroted Citte ently 0o ), (wlled - @ordinate ovector dields.

T, 8.3 (e oturgent wnde as a veator lundie) - Lot M e
a smooth n-mndd. luith its dundad pojection map ard  the 1u-
tued VeCor space  Staeture  on auh  Arer, the (a‘a@aﬁ hndle.
M hos a Unigue flogy and swooth  stautire madiry it o
1Smaotn vector bundle of wank n oover M A i) alt ey -
dnate ovector feids ae smoth load atons. ®




Poor (Smiar o e poot ol PROP. 65) Gven o swoath crort
(Uy) for M, with ©xdnaiz fncts () | define
D (U) — Ux "
LA, = (p (5 )
whae s the - (odinate oty Aeld asodated with
be) Suprose #at (G, ) 5 arotter smooth dhat dor M Wi
ordingte dors (%), ond et D () — [ xR™ ke dehnd

dﬂ(,dogﬂugy. On 1un() it Jollows dom (%) fthat

—~ - ~ (I Q7
@),@5 ‘L/(P\F/,:{n)) :<P/ K%J(f})%/; %?VI(P)%))

he GLhR-wled fet (0% /ox) & smooth 50 it folows
hom e varor ndle dart lemmee (= LEM 6.7) trot TM
s a - smooth Stnucture mab‘n% it ity 4 smooth vactor andle
W Wich the mope d ae o mializations  Uniguenes
Mows s in the proof of ESILEL. s "
As in the we o #e target lundie, smoth load (-
rotes dor M yield Smooth lowd - cordinutes dor s (oz‘aw
ndle. T4 (%) are smoa wordinates o an open subset U,
FSIOES@) showe thet the up

W'L(u)-——e [Q%J E'QL“P — (xi(g)),,,,)xy’(p))d ,,.,.,},}(,LQ)
5« smooth ©ovdinate crart for T e cull (,5) the no-
el coondinates  Hr TM ssociated  with (%) .




