|(H. 7 INTEGRATION ON MANIFOLDS|

e st give a (¢ tsh ©wz on winkds  with surdory. They

oy a centvad role i the theory infegiotion on M5,
ich will - be zm( Yy discused  atferwords ; see pp. 135-144.

DER 91 - The dosad  n-dim upper hatfspace H = E™ s

dedined 03
H'= (¢ x)eRY | xt=0)

e interior and the boundory of MY s a subset of €
T oand OH" respectively.,

we  ceroted iy Nt H

4 n>0O, fren
It b =[x x) <0 [ x">01
" -_-g(xﬂ,,,, 1) eR"| x"=0]}
Wherecs 11 n=0 , then |
o =0°=f{0] ond OK° = &

DEF. 92 /M ndm top mndd with baundery is @ saond-
unfeble - Hauscord? space M in whidh - every pt hos g e
horhood homgogmyph/'c either b a0 an  wbsel A

¢ (rela bvely) gpen  subset o H"

An opn sbset UM ﬁgggmr with a mop ¢ U —R" it
S 0 homeomorphism  Onfo o pen UD€t o B or H* s

f<
fy

et a hat dov M Wen it 15 pacssory o make the dis-
tincion | we (L) on Intedor curt dor M yl) 5 e




in o b b R (Whieh indudes e aie of o gpen
siset ot H® that does ot intaract Q™) ond @ boundary

ot dor Mt @) s 0 oen sl of H' stopltdo
NIH" # ¢

A ot peM is caded an ey pft A M OH it s in fe
domain ¢l e inferoy crort, and a baundory pt ot M
t s n tre comain o o bOuMavy thart that - sends p 1o
W™ Tre set ot all durcery pts ob M s corod by M
Gnd I lied tre aundoyy ¢! M. Tre set o all inferor phs

¢ M s deroted by ImM oond 5 aded te ineror oF M

U 73 (@olcg;(cd ivanance ¢ the :wrrbf)) A M s
. M Wity urdory, then auch pt ol M s citber o -
Cory ptor on nfenor Pt but not both Thus, oM ard JtM
e disjont - ets  whoe  union 5 M

EXAMPLE 74

1) Evgn/ infervad in R s o (tonnectad) | -mndd with
boundary , whose e beundary - (orsists o ifs ndpts (# any)
9) The dosad unit  badl B"sE™ 15 an n-modd  with
doundary , whose - mndc! - boundory s 5"

PROP.7.5: et M 2o q 1 n-mpfd with boundary.

(@IntM 5 a0 open suser of M ind g tfep n-modo
without  bourciery.




() M s a dosed sbset of M and a fop. (p-L)-mrAd
Ut bounctary
DU 5 a tp mild e e A DEF LD #E M=4.

YROOF  Exercrise! .

Mxt, iU s an gen st HY tren o mgp FU—E
5 swid o he smaoth i Hor coh xell there exisfs an
gen subet (f <" @mfwmrﬁ X ad o smooh mep F
0 =105 #ot yrecs witn & on Unl.T£ F 5 b a map,
ten the restngion o F fo UnIntHY & svooth in e
s serse. By mw@ all i cerwetives o Fodt prs
¢ Un IntH" are  defermined by teir e in TntH” ond

hus i qudiawar ore incexocent of e (oie o extason,

DEF 96 < let M ve a top modd with Launday A smoh
stuctue for M5 defined to be a maxmed oot afas
lg olecton o dhards whae cdomains  ©wer M dnd uhose fion -
sition mups  (nd e nveres) e srooth in e sese just
deseribed)- With such o stucture, M s awled @ smooth mndd
with  boup dm)/.

In te foffowy brgtty ravurk W et e s ds
Cr\’d jﬂéf /lukl/k Dﬁ’“’r }’Y\’“) f/"‘” p’ 1 {/ r\ La /ywry



VEM. 9.7
1) Q2 Shothress o8 o mup EM— N bafvan mnts
it burcery s cetined in e sare way (e DEF 23)
Min re  usuad unc@rsfafwf;/ tat mp whose comeun s
Soset o M s smagth it wnis @) extason 0
waoth wep in Migheoxhocd o aeh D, ond o mop whose
dowadn s a St of H™ is smaoth i it s smadh s a
map - info .

SOOI Putitions ¢ ity exst o0 swoomh mndbk 1t
gum‘ary,
AE U3 H M 5 a ot n-modd with lnurcary , fhen
the z"arg@ﬂf e LM o Moat peM s whinad n e
sume way (e DEF 34) and it is an n-dim R-vs, For any
smaot ot (U, (x) ontcuning - p, the @idrofe vecrars

_2%)@ //> - 92”/19
WW@ /%" b shaud e /‘m‘fe«py@ led as A one -siad denyo -
Gie wren peoM) domm a Jusis A M.
lhe ditterenticd of o smaxth mwup Fu—sA detweon
maoth - mndds with - daurcory i cetinad in e sime way (s
DEF. 36) and has te s Epentution  I0 @oninates  bases

3) . (B4 - Submersions | immersion= ,Cmbectings  ard  locd i -

v , ‘ 4 }
OMIIPSS e cetined 10 fre same ey (sec DEF42) and)
7729
3¢




thore s a wrson o e nnk porem  in s mzp% e
llee, Thm 415 ard Poblem 4.2] .

A) ct. 1.5 - Iowarsed  and embedded  submndds o smath
mnics Wi saurdory are cefired in e sume ity (see

DEF 51 and DEF 5192) and are thamsahves  smooth mndcs

hith - (possibly anpty ) burcory

< poperties of emhedied ubmndds With ooy =
= [1ee, Pop 547]

~ yersion o e yegulor level set treorem in - fus zgz‘zizly =
= [Jee, Poblemt 5232 ]

THM-T2 H b5 a smooth n-mndd with ouncory | ten with
e sspace fpology , oM Is & fqp/o%‘(a/ (N-L)-mndd - (with-
it dourcary ) and has o wgue  smooth stuctie SE S

( pvop@v\/ embedded submndd o M.

5\ d (7 Th imgent bunde & a smaoth n-mnfd  with
boundary 5 cefined in the same iy (sec DEF 36) and It is
0 smooth vedor unde L ik nooower e gz’v@m mntd (see
RP. 6.5) Vector felds are W debred in e sme way [
DEF. 71), hut Jows need to be treated with exta @€ ; see
[Lee, Subsection. 94 ]

let M be a smaoth mokd with boundavy  and et peoM . It
o ointuitively Gadent  that tre vadxs in Mo % xf@/}(’/y’éﬂfé’d ﬂ
n thee dusses: thoe tongent 1o the baundary, Tose  pointing in- &




ird, and - those pointiny aitwad . Fomally, we make the %J/lowk%
DEF.: I pedH, thn a vacor VeM T oM i suid t be
Inward - pointing. i Hr some €50 thae exss a4 smooth ame
¢:Loe) M st JO =p and Yy OV=U, ad it is outwad -
poinn‘n% tothere aists ch a wwve with dmain (<07,

Peop et M be a sraoth pontd with baupcery, pe JM, gnd
(X) be dnoy Smooth boundury - aoxdinges  cetined o a gighior -
hod ¢t p. The inward ontiry vedars n M- ore precisely
those with positne X1 - cmponent | the utwird!- pointiny - ores cre
those it hegative X" -component | and - the Ones z‘a;g/znf‘ fo a4
i€ tose with 220 X"-comporant Thus, M 15 fre disjioint
Union of TOM . e et o inward “pontiny ¥edtors, and #he
set ol outworc- pomm% vedors. Firally, VeTM 5 IPherd -/70/’/)27%
i v B owd - pO/hL‘/f&q,

The next resut 15 used  wien d{'g(ugg;yy g bouncry  onen-
woons 7 5 see [ Onentations |, subsadion 937

PROP- T M s o smoth mndd with bourctry, then thoe e4s
a glood smootn vectar hed o0 M whose restriction to M s
werywhere  inwgic'- p@int/% and ore whose restnction fo oM is
neryhae  autwind “pointiryf |
6) (. (4.8 - The _cdorgent lunde T*M resp the bt extpror
ower 7)o the oturgent wundie) o a smagth n-mndd M
uthboundary s defined in the same woy (ee D82 (ep. 5

=




DEF 8ISB)) and it B a swath wetr dnde ¢k n e
¢k (7)) oer M (e Peop 83 liep pu18). WHerentiad) k-
forms (0<k<n) we w0 dired n e sme ity (see
DEF 815(0), (nd 5o coes thar Oenoy cenvutive  as well
(e Tum 891).

Orientations of  manifolds , which also play ap - inortent
le i f\fcﬂmw thedry o mntds , are briefly discussed i
the PDF  [Onentutions] . |

e are now r@a&/ o dowelp the gererd thaory A infe-
grtion o onented nnids. We Jirst detine the m@g/ya/ A a
dHeertial fom oer ¢ domain N Eudicadn  space, ard N
We dow how to ue ditftomorphism  iovnance  ard Smooth  pur-
ttions 4 unity D otod s o n-dms @ onaed

n-mndds. The key Heature d this dn 5 et f 5 pwanant
gy Onentertin - prcsefwy CHAOMOYPhiSIMS . Atforwancs , we - siiie

Sokes thooem (et poot) i s o genewdization of
te furcamentd  thm b lads, ol we @50 provee. ome
applications; see - pp. a2 -144.

DE 98 :let U b an qun et of R or ' oand et W
be a (ompadly spated p-fom on U.We  define |

f(ﬁ)szj (,d)
U D

e DER or H' s ony comain o iggution (eg. @y




fectury e) (ontwmy UpD W ard w5 extenced fo be a0
0 the (Owmplement "ot ifs support.

Mote that DEF.78 s ol ceperd on the goie A do-
o f it retion ich 1= o hunded ubset of B whose
by b mecsie. 200) Moreower, sirce Lo @n e witten ¢
WL dx A AOK dor Sove (ot Anet £ suppo — R e fHS
n the dore dh o (e uuad irtgged)

fw :[fdx'*_dx“
D D '

TROP_949: let D dnd £ e opn dmais o plegretion i
"o HY,ud G:D —LF h a smooth wp tad resms
0 un onentution - pre‘ferm/}/ Or  onentution - reveﬁf% Crieomor -
Msm D —E T4 w 5 an n-fom on E  ten

P

[w, 4 6 5 mat pes
/ 6o =1 °
D

. J w1 G 5 onent evey

PROOF - Folows o the lusiat) durge of yariavies formule
ne the  pullback o Hor n-foms - (PRop. 818)

Sine e tnrot uarontee ot arofiory open or - compact ,q,/b;
ets are comains o infapution | we reed tre #d(ow‘ry lemmee
0 oider to eaend PROP.79 1o ompuetly suprorted n-forms ce-
et on open subsels 5 e TRop. 41




{

JEM 910 Jet U b2 gen st A P or K oad et
K b a et gpset ol U Thae s an open coman o
"Wregrat/on D st

YeD=D=(l.

Peop. 911 et U oad Vo ke open subsets A R or M 4
G U=>T e an Onentution - W%m”ﬁ OF  ONeeaion-1eversing:
bitfeomorpisn). T2 w0 Is & ompaatly syyorted n-fom a0V,
then
f Gw if G K5 onent pr@%m%
W = ! |

v ) / Gho ¥ G Is onent reersry
U

PROOF - gy LEM 910 there s an open  comadp A regpu-
gon E st Sppw s E = £ = V. S ditteomophisme
take infenors 1O Infenars |, baurdunes o houndurnes, ond sers

g measure zevo o sets H o Mawwe 220 , D=6 Bl
5 an open  comaun s /ofégmwm (Onm/m% Supp GHo e
(onduce iy Pop. 49

-
Uiy the o poposition W @n oW makz serse of the
imegv;cd of u ditterenticd torm over an  oriented mnid
let M be an onented  smaoth n-mnid with o without
boundary and et L be an p-fom on M. Suppose first
kW is (ompctly suportec In e coman ot a Siyle
mooth durt (Uy) frat s Cither positively  or ﬂ@ﬁﬁ‘/@’/’ oﬁ&ﬂ%



We ehne  the /'nfegya/ A w oer M o ke

f LW = *f ¢ (%)

with the  positive i ign Hor a positively - onenfed  chart , and the
f‘)@’atf'% S%m othervse . Sinee | Vo 5 o0 fompetly  supporf?
n-fom on e open  subset U erR™ or H", its intaped o
detired o5 in DEF. 78 we p. 135-126

o

PROP 919 T4 M il w e a5 dove, Han wa aoes not
lepend op the droice  of soadth dard whose comain (antins

UpPLO .
PRooF - Let Ww) and (T @) b two srooth chats st

Upu € UnU. T4 both crarts are similavly  onented , ther
G- @lunt) — PUT) 15 an orentation -presering. Citeo-
momnism. see  [Onentations , Ex 251,50 PROP. 1L yiert

[~ -8 [ -1\ ¥ 4 ) | Ty
ﬁ(ﬂ (G 0 = fwﬂ o i—.’f (-4 )* I,
) GGt Ylunt)

i
N o o
)" i

= J¢ j:",,
W) =12 B




It e duts e opositely  oNentéd, fren tre two  ctps e
by (*,) Im/e Opposite S| /gns it this s (npensated a\/ me
et ot Ge™ s orientation -reversing o PRoP. 911 o -
Qites o extrct pggotee S%n Nt the abne  omputiiton.

et M obe g5 aove and et L ke a ompuctly - suyported
n-fom on M. let Ul be a Aoute open  cover A uppLo
ovauns ¢ pos auely of mumc ly onented smaoth - druts | ard
et f 91/ e o smoh ‘/ rf/mn A umy suboidinute o s
éov’@nr}g. we detine  the ;ngwm,/ A owoer M D be

f =2 f P %)

Sice for @ L z‘h@ N-4orm 5 ompactly  supported in

Ui, wth of the terms i fhis [f/mz) S 5 well detined oc-
(orC ry o ur Wenous  CISCUSSIN? . ihe foﬂaw}/ Propos| LN shows
hat the interal 5 well  cefined.

PRop. 7.13 - The detinition (%) does not deperd on e e
ok oen er or U o unity.

Prooe - et G be anotrer Aotz qen over o suppLa oy
domains oA o5 nositivel y or rm/f/ VO’}/ onented smooth choris ,, ot
et [§L e 0 swordindiz mmth partition ot unity. Sirce

f y. W :f | ‘#)Ww“lf Yy v,
M M j M

We  DbTuin

{ =y



PR

.ZfMWi%“L,OZ%w

.
Fab ferm in s um B the nteged o o fom st s
Ompactly  supported In- tre dopain ¢ sirgle smooth ¢t
(éﬁ’, n U)o by Pop 712 euh fam 5 el cehined |
apndiess o Which  odiraiz mop W use o ompatz it
e sume argument, sturtiny - 1 fM Y instead, shows et

Zf GVw=S0pw
, ] ikl

thus, both  d#ns //@/{C‘ e sume  vilue For L W 7

i S<M s an onented  immersed b-dim wtndd (uh
or without - Sourdery) and w5 g f-dom on M hose 1S
maon o 5 s (ommct// upported, ter e /nférpréf é »
0s fsz*‘w) where |- S <M s e induson mep. In- porti-
Wy, # M 5 a o ,oneptad, smath  h-mptd with han-
dan/ ard W ois on (n-D-form on M, then we @n infer-

f £ hi _— ' x
ne L 0 Upamdiguasly s tre intgpad ol o oer M,
Were oM is alwa ys Undrsiood 1o hake the induced ongn-
lution 5 see [Onentutions, Paop 21

Prop 914 (Properties /nfégm/s) Jet M and M be pon-

enpty onenfec smaoth n-mndcs with or wimast bourdory,

and let w oot o be (omg)aa‘fl/ supporfed  h-#orms on M.
.




(a)l,/néamﬁ/: 4 abell then

| 7
qud + h :af’tu+bfm.
‘6‘4 d}? J/v( | M("

(b) Opentution reersal- T -4 otes M ity e opose
nentution | then

[w=fo.

@ ?Oﬁf't/wtﬂ/ H w b u pxiuvely onenfed  onenfation 0

hen
fw>04
M

(&) D#Heomonphism invariancg - I F-N — M 15 dD - 0nemition-
pr é‘fiwy or  Onentution - ;f@v@rsxfr}g a’zifmmo@m%, then

( /( Fro & F b5 onent ]WEEM%
e

|
j o,
M

D I ,
; —J Fioo i1 F 5 orent cHersicy.
(=

i

PooF
(t) Exeruise. - |
(b) Exervise (follows fom the vl drmye ¢ vanadles mida).

Sine w 15 a positivdly onentad onentation fom o0 M, £
(uy) s a positidly onented smooth chat, trep ()W B
posite At times dxtaadxt (le i [Uy) Is nagutiely o




Onenred, thep it is « nayuve ket times e sme fom); s
tre oot ot [Onertations, Prop. 4] . Thaedore, cach ferm in )
d%/my f WIS nonngjutive with ot Jeast ore sty positiic
lem s poves (0.

Q) It sutfices b freat tre a2 when W kb ompd]  sppor-
fed in a 5mg/g positively or Mﬂatf‘v@/ onentze ool et IE
Wy s « posienely onented uh thot od #F is onenta-
Wn peeserig, tren it s iy o dak that (FH) ¢-F) s
in onented smaoth ot on M whose domain (Oontuins
ppFw, o0 tre resutt dolows  dom PR 911 The ramaininy

J
wses follow Hom s e ond (b)) .

We pow stute  [without /fwof) the @l resdt in e
theory i TeGUtion o mpAds | Stokes’ teorem It is o Hur-
r@adu'% generlizetion it the Judmentul tm oL cadadus
ind o e dussicd thms A wector cadadus

'/Zf/‘/‘q 15( Sokes ﬂ?h’l,) Lot M be an Onented  smooth N-rnad

With wuncbp/ anc ler W e 4 (Ompactly suprortad - smoath
b-1)-4om o M Then

fdw:fwl
M M

Hee, av is uncerstooc to have the indued (Stoes) oner
ution, und fhe w00 e TS 15 b be inteted as i,




HoM=9 fren e THS 5 fo be infepretad as O When
Lcim, tre TUS Is st a hnie g
hinally | et us see Some  oppliaations o Stokes’ 1hm .

LXAMRLE 716 fet M be a nooth modd. Lty lub]—
be 0 smooth embeddng 50 mat S:=x(lab]) Is on enbecd
L-submndd with bounctwy 0 M. e give S e onenteion
St. yIs onontution -py’gﬁenfir? e for any M), Stores’
hm S0 ys L

- ”fa 6]
Ycause 95 = ;,Z//m Ao 5 O uﬂ“) In purticuer, when y[05]-R
o e indusion e, then Stokes’ thm 15 just the oidrory -
camentul  teorem o adaulis |

gw f i o=t =1(p)-2(w)

T 217 (Gean's thm) = Let DR? ke a cmpod reguor
comuin (ie. a poperly embeddad (odm-O  subin#c with a0 -
fbr"y) o et PQ ke gwooth red-yulued focts on D fhen

[ (2-Z)aey =] rovay

BZ_OQE : AW/ Stokes’ thm 1o the L-fom /})O'XJ-Qdy,  F

(R 118 (Mzgws o exat foms) T M s a Oompd,
onented , smaoth  n-mndd - without - bauncerry, then the e
ok aery et n-fom oer M B 2O




fdw -0 i M=¢
M

(e 719 (Iﬂféé{m}ﬁ o Josed foms oer bondanes) - Jet M
be 4 Ompact, onented, smadth  n-mpdd with doundery . T W
b« dosed (n-L)-form on M, then e inegral o W over
M s 2ev0 :

fw;:o L do=0 oo M
oM

(R 490 let M be a snaoth motd with or witout -
(ory , let SeM b n onented | ompuct, smooth k-dim sub-
modd (ihout louncry) ond et w ke a dosed E-fom
n M. H fsw FO, then th of fhe /J/ow%/ ae Me:

(@)1 s not exat on M-

() S 5 not the Loundory ¢l an onented, ompact , sma

LUomndd  with buncery 10 M.

PRODE -
W F w were et on M, then w=dn for ome (k-1)-Fm
on M, SO




