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Outlines

Potential Theory : general results
- Gauss Law
- Poisson Equation
- Total potential energy
Spherical systems:
- Newton’s Theorems
- Circular speed, circular velocity, circular frequency, escape speed,
potential energy

Examples of spherical models:

- “Potential based” models
- “Density based” models

Axisymmetric models for disk galaxies

- “Potential based” models
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Potential Theory

Spherical Systems

p(T) = p(r)

r= /22 + y2 + 22



Newton’s Theorems

Newton (1642-1727)
First theorem:

A body that is inside a spherical shell of matter experiences no net gravitational
force from the shell.
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Newton’s Theorems

Newton (1642-1727)
First theorem:
A body that is inside a spherical shell of matter experiences no net gravitational
force from the shell.
Second theorem:
The gravitational force on a body that lies outside a spherical shell of matter is

the same as it would be if all the shell’'s matter where concentrated into a point
at its centre.
M

R M ~
F = ® F
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Potential Theory

Spherical Systems
general distribution of mass

p(T) = p(r)

'r:\/a:2+y2+z2
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Spherical systems :
useful relations

p(r) P(r) M(r) <L
LU d.in'/f T L1}
P(r o0 mord (PE) et o (00
B(r) | — S —4nG [ dr' v plr) 2(r) G [ arM [ ara
M(r) A [, dr' 7 p(r") L (jj,ﬁ r) rde
$1 Ea) aH
Poisson in spherical coordinates Potential in spherical coordinates
1 d [/ ,d® G M (r)
—— | ) =471 Gp(r O(r) = —47TG/ )r'dr’
r2 dr ( dr) p(r) (r) r

Mass inside a radius r

Gradient of the potential in spherical coordinates

M(r) =4r /07” dr’ 1'* p(r’) do(r) _ G M(r)

dr r2



Examples of
Spherical models

“Potential based”
models



Point mass




Plummer model

B(r) — GM o 2
(T) B _\/7“2 + b2 glgoo = :’:
/2 10~ ‘1_/
3M 2\ ~° - -
o(r) = |4 — T T
47h3 b? '
M3 -
M(r) = (r2 1 b2)3/2 =i
M2 L S

* Globular clusters, dwarf spheroidal galaxies



Isochrone potential

() = — GM

b+ Vr?+ b2

(r) = M3(b + Vb2 +72)(b% +12) — r2(b + 3Vb2 + r2)
£ 47 (b + V02 1 12)3(02 4 12)3/2
3
M(r) = Mr
TP+ VT )

2 GMr?

)= TRt VR



Isochrone potential

103

B(r) = — GM 10?
b+ VrZ+ b2 ~w
3(b+ VOE+r2)(b% +1r2) —r2( .-
,0(7“) — M /79 ., O 107* — I I I
47T<b + b* + T2)3(b2 - o 2 4 6 8 10
Mr®
M(T) = r 0.8 -
V0% +12(b+ Vb2 +1r?)? = g -
<
V2(r) = GMr? 32 _ —
C \/W(b-i- \/W)2 0 2 4 . 6 8 10

Orbits are analytical !




Examples of
Spherical models

“Density based”
models



T po

4 2
ngpofr

4 R’
37Gpo - r>R

r3/2 r> R

Homogeneous sphere

r<R 107
102
10t
r>R = =
2 10
10~
r<R 10
1074 i T I I
0 2 4 6 8 10
r>R L r
10 —
—27TGp (R2 — %7“2) r < R 08
ig 0.6 —
0.4 —
—4nGpR3/(3r) r>R .
0.0 | 1 | |
r< R 0 2 4 6 8 10

GM(r)
r<R dt? dr r2

4

2

= —-TTpor = —wWr

3

Harmonic oscillator !




Isothermal sphere

103

2 2
a 10
r) = _ 10!
p(r) = po— o
r -
®(r) = 47Gpoa® In (—) o
a
M (r) = 4mpoa® r o
i
Vi (r) = AnGpoa’ "

* often used for gravitational lens models

* But!
 diverge towards the centre !
* infinite mass !




Pseudo-isothermal sphere

CL2

a? + r?

p(r) = po

1
®(r) = 4nGpoa’ (5 In(a® +r*) + g arctan (2))

a r

M (r) = 47nrpoa’ (1 — — arctan (—))
r a

VZ2(r) = 4G poa® (1 ~ % arctan <i>>

¢ r a

* Avoid the central divergence of the isothermal sphere
* However, the mass is still not bounded




Pseudo-isothermal sphere

108

2

( ) a 102
r) = 10!
P PO 2,2 -
2 (1 2 ,,2y, ¢ o
O(r) = 4rGpoa 5 In(a® 4+ r%) + —arcta 1
r ot 3
M (r) = 4mrpoa’ (1 ~ % arctan <Z)> -
r a 1.0 —
VZ2(r) = 4nGpoa” (1 ~ % arctan (£>) S
r a

0.2 —

0.0

* Avoid the central divergence of the isothermal sphere
* However, the mass is still not bounded




Generic two power density

models
Po
p(?“) — > — * diverges at the center
(r/a)*(1+r/a)? it a0
M A7 poa R
(T) — FTMPoa /O 8(1 + S)B—a

model name inner slope o outer slope 3

Plummer 0 5! * globular clusters
Dehnen any 4

Hernquist 1 4 * bulges, elliptic. gal.
Jafte 2 4 + elliptic. galaxies
NEFW 1 3 « dark haloes




Generic two power density model

( 1—7|:{“a/a, (Jaﬂé)
M(r) = 4mpoa’® x ¢ 2(51/7?/)2)2 (Hernquist)
| In(1+1r/a) — 111% (NFW) - diverges !!

( In(1+a/r) (Jaffe)

d(r) = —47TGp()CL2 X 4 m (Hernquist)

In(147/a) (NFW)

\ r/a



1
10* — ——— Hernquist
o 10° — —— Plummer N -
= 1072 — o
_9 —
10—4 |
—6
10 | | -3 | |
10~3 10~1 101 1073 10~1 101
T T
0.8 0.6
0.6 —
o
E; 0.4 —
0.2
0.5 1.0 1.5 2.0 10—3 10—1 10!
T T



NFW (Navarro, Frenk & White 1995, 1996)

* Density profile that fit dark matter haloes formed in LCDM numerical simulations




NFW (Navarro, Frenk & White 1995, 1996)

al. 1995

NN Navarro et

Log p/10" M, kpc3

Log radius/kpc

Fig. 3.— Density profiles of four halos spanning four
orders of magnitude in mass. The arrows indicate the
gravitational softening, h,, of each simulation. Also
shown are fits from eq.3. The fits are good over two
decades in radius, approximately from h, out to the
virial radius of each system.

10°

10° z=0.0

107 5 Springel et al. 2008
EAL]—A—;

108

AgiA-2
10° L

p(r)/ <p>
mERLL
L1l

EAq—A—E:ﬂ
10* | |

Aq-A-4
10° L

AQ-A-5
10° ?

101 IIEIIIII I Iillllllil I 1 IIIIII| 1 ] IIIIII| 1 11
0.1 1.0 10.0 100.0
r[kpe]

Figure 4. Spherically averaged density profile of the Aq-A halo
at z = 0, at different numerical resolutions. Each of the pro-



Einasto model

p(r) = po exp [—("“/ a)'/ m} (m = 6)

106

10-3

e Alternative to NFW

102



Spherical systems model comparison

1
10* — —— Hernquist
o 100 A —— Isothermal o 1
QU = Pgeudo-iso. KA
1072 —
—— Plummer
10~ — \\\\ 27
—6
10 | | =3 | |
103 10—t 101 103 10—t 101
r r
0.8 0.6
0.6 —
05
;—5 0.4 —
0.2
0.0 | |

0.5 1.0 1.5 2.0 10—3 10-1 10!



Potential Theory

Axisymmetric models for
disk galaxies

p(Z) = p(R, |2])

R = /22 + 2



Examples of
axisymmetric models

“Potential based”
models



Kuzmin disk

Kuzmin 1956

GM GM

O (R, z) = — = —
K ) \/R2 + (a 4+ |z|)? \/R2+Z2 +a’+2alz|

Comparison with Plummer:

B GM
VR? + 22 + a2

(I)P (R, Z) —




Eo\u{qa\eﬂnl— o }-Le “c“o‘wihB COoOw l“lsu\'ﬂk ICam

?ol' Cu L\A.P clmc L‘c.
(©,0)

ok (e a) . ?

a wass M

¢

G - GH |2\ {

Y~ — -o

]IR1+ (n + I2'1)?'

w( ci)"
~ ‘

K

(R, -1)



Kuzmin disk

Kuzmin 1956
o (R ) GM
y <) = —
) VEET (at 2]
alM
YKk(R) =
KUB) = e+ a2
G M R?
‘/CZ,K(R):

(R2 + a2)3/2

Note:  for an axi-symmetric model, the circular velocity

iIs computed in the plane z=0.

1d®([R,z=0)

2( Y
V(R)_R dR

Plummer based model

 EXERCICE

e —

Infinitely thin disk

Equivalent to the Plummer model

B GMr?
o (TQ +b2)3/2




Kuzmin disk

a=

—20 —

—40 —

3.0
o~ Potential

=\

I I
—40 —20

|
0

&




Miyamoto-Nagai potential

Miyamoto & Nagai 1975

GM

(I)MN(R, Z) = —
VR + (a+ VET B2

b=0 - Kuzmin

b2M> aR? + (a+ 3v22 + b2)(a + V22 + b?)?

, G M R*

VC MN (R) — Equivalent to the Plummer model
’ (R% + (a + b))/

GMr?
(r2 + b2)3/2

‘/CQ,P (r) =

Cyemriog | Better parametrisation :
-\__EXERQ!EEJ Revaz & Pfenniger 2004



Miyamoto-Nagai potential

a=3.0 b=3.0
—_—
10 ——  Density
% —— Potential
. N\

—20 —

—40 —

—40 —20 0 20 40



Miyamoto-Nagai potential

a=3.0 b=0.3
—_
—

—— Density

—— Potential




Miyamoto-Nagai potential

40 —

—20 —

—40 —

a=3.0 b=0.0
T —— Density
< >P0tcntlal
I I I I I
—40 —20 0 20 40



Miyamoto-Nagai potential

Miyamoto & Nagai 1975
Circular velocity rotation curve

a=3.0 b=0.0
0.40

0.35 —
0.30 —
0.25 —

~0.20
0.15 —
0.10 —

0.05 — —— Miyamoto — Nagai

— Kuzmin

0.00 I | | i




Miyamoto-Nagai potential

Miyamoto & Nagai 1975
Circular velocity rotation curve

a=3.0 b=0.3
0.40

0.35 —
0.30 —
0.25 —
0.20 —
0.15 —
0.10 —

0.05 — —— Miyamoto — Nagai

— Kuzmin

0.00 I | I i




Miyamoto-Nagai potential

Miyamoto & Nagai 1975
Circular velocity rotation curve

a=3.0 b=3.0
0.40

0.35 —

0.30 —

0.25 —
0.20 —
0.15 —

0.10 —

0.05 — — Miyamoto — Nagai

— Kuzmin
0.00 i i | |




Logarithmic potential

1 — -
(I)log(R, z) — 5‘/02 In (R? R2 < > Rc=0 and g=1

- Isothermal sphere

Ve 2¢* +1)R?+ R*+(2—-1/¢%)2?
inGg® (R4 R? + (2/¢%))

Plog (Ra Z) —

I - negative for g < 1,/(2)20.707

2 2
\V4 R =V « does not depends on q
c,log( ) 0 R% -+ R2 * flat rotation curve at large radius



1.5 —

1.0

0.5

0.0

—0.5

—1.0

—1.5

Logarithmic potential

Vo=1.0 R.=0.1 ¢=0.8

—1.5 —1.0 —0.5 0.0 0.5 1.0 1.5



1.5

1.0

0.5

0.0

—0.5

—1.0

—1.5

Logarithmic potential

—1.5

Vo=1.0 R.=0.1 ¢=0.8

—1.0

(@)

—0.5

0.0

0.5

1.0

1.5

density



Logarithmic potential

Vo=1.0 R.=0.1 ¢=0.7

—1.5 —1.0 —0.5 0.0 0.5 1.0 1.5



Logarithmic potential

Vo=1.0 R,=0.1 ¢=0.7

density




Logarithmic potential

VWo=1.0 R.=0.1 ¢=04

1.5 —

—-1.5 —1.0 —0.5 0.0 0.5 1.0 1.5



Logarithmic potential

Vo=1.0 R.=0.1 ¢=0.4

density




Logarithmic potential

Circular velocity rotation curve
Vo=1.0 R.=0.1 ¢=0.8

1.0 —

A

0.6 —
0.4 —
0.2 —

0.0 —




The End
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