
Quantum computation : Lecture 4

B Communication complexity : classical setup

· Quantum communication complexity :
· Yao's model

· Cleve-Buhrman's model

· Distributed Deutsch : Josza's algorithm



>

Communication complexity
Alice< Bob

Alice knows a vector <eE0,13 "

Bob knows a vector ye 30, 12"

They would like to compute together the value

of f(x,y) , where f: 30,12" < &0,13 "-> R is same fin

Defi communication complexity = minimum number

of bits that Alice and Bob need to exchange
in order to compute f(x , y).



Example : f(x, y) = DIS1(x, y)
= 1 if Fi=1.n , x =0 or Yi= 0

=>2 (n) classical bits (i.e.,at least order n bits

need to be exchanged in this case.

But with qubits, the situation is different...



1) Yao's model

Assume simply that Alice and Bob are

allowed to exchange qubits. How many
of them are needed ?

Particular problem :

(Hamming distance
Let du( , y) = #Erin: + yi) and

assumewe know in advance that either x=y
or du(x,y= (ie. da(x,y) =0



Classically, Alice & Bob need to

exchange Tn+17 bits
,
in the worst case,T

In order to decide between these two

alternahves
.

We will see below that only Ollogzn) gubite
suffice.



Two remarks :

· for a reason that will become clear in a

minute
,
we will write(=(x ...Y= (yo ..Gu

instead of&
=(x .. ul

y = (y ...Gu)
· Observe that :

x = y If f(x,y =1 City
o

E dr(sy) : E if f(x,y) = 1*Aprityo



Distributed Deutsch-Joszas algorithm

·

Alice designs first the following circuit :

u ·
los H ↑

CheSi i I x

↑
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-

10)- !
113 H

! & e
I4o) 1427 142



Again , let us compute the states at
the various stages :

· 140) = lo> -.. lo)> = 10
,...I
-
k times

· (4) = H(K
+1) /4) = Hos ...Hlo) H(n

=... (0)
+11 10) -1)

T Vz

--

1 2 --(-- ⑫
2 bo-beitE03/bo ... be W

/



bo ... ban encodes a position 0 b 124-1 = H- 1
-

-

=> (4) = = E1b) 10)
- les

in 01bLU-1 T

in short-hand notation

· gate Ux : its action on basis elements

is given by :

Ux((b) (z)) = 16> /z0x >



So Ux((b> (0 -13)
E

-
= (b) (b)

- 1x

V

=(b) · (0) - (1) If x=0
VzE (b) ( +0 = - 1b> (0) -11) If ex 1Vz

= (-1) . Ib> 10) - 113

( same magica aT



This gives
142 =Hal = 1 Uf(l)W

= Z (-1) . Ibs 10) - 1)

Un 01b<n-1 Tz

Then Alice transmits this state (42) to Bob :

this amounts to transmitting logen (+1) qubits.



Then Bob uses the following circuit :

"
· H ↑

! 1-

↑
Alice

!
Ch I - H -

- y

142) 1434 14) 145 >



·The action of the gata My is :

Hy((b)(z)) = (b(z0yb)
so Ky(1b > 10- () = (- 1)

Yb
. (b) &

lose

T

(same computation as before
and

1433 = U(42) =# (1)
<3+y)

. (b > 10 s

y obn-1 V



. Finally :14 = (4***I 14

=
1 (1)

+ 36 Mk/b> 10) - Ins

Tn olben-1 T

where

4 /b) = Hlb. ... Hlbu-n)

and Hlbj= ang(-1)49/sit
so H
*
/b =1= (1)

bocot ..bak. Ch-
10 --Cr

-
1)

2 /c Co..Ck-,+20,13



In short-hand notation :

p (b = 1 2 (1)
*

I
T 04C1n-1

where b . c := boc + by cnt... buy Ch.. Then

( (c) |a - (17143)=
ne

(F E( 1)
3+yb e

V
-

- dc



When
measuring

the first k qubits
of 145) , Bob obtains state IC with

Iprobability(d = /12(1)
+ 46 + b -c

n Olbzun

For (c) = 10 ... os
, we

obtain :

2

10 = 1= (1)
+96,

n Ob 1n-1



↳ Ifecy,Men look = o

(of remark a few pages backwards)

So Bob concludes that x= y if he observes

the state o and that dr(, y) = I otherwise

(and he can transmit this ore-bit info to Alice) .
And recall that only k= log, n qubits have been

exchanged.



2) Cleve-Buhrman's model

Still for the same problem (i
.

e
. distinguishing

between x =y and dn(x,y) = E) , we

suppose now that Alice & Bob own each

k = logan qubits which are entangled at

the start :

141)= brutal bo ..bri A Ibo ... bu- is



(AB
: The previous state is nothing but the (tensor product of K Bell states !

The question is now : hav many classical

bits need Alice & Bob exchange in

order to decide between the two

alternatives ?



Alice and Bob use separately the following
circuit :

!

14)"Has Cali
↑

1-

los-1s!

-

ar !Hy (Bob) · H -

E

142) 143) 1447



142) = 1Z Up)bc, /**) My (b)i likei olben-1

P P
ancilla bit ancilla bit
of Alice of Bob

- E(1xb
+Y*

(b>q(0)-1) (b)-(0)
-1)

②

Olbn1 V T

After the passage through the Hadamard gates :
(forget the ancilla bits)

143c =1 (1
3+yb PK/b >A 4

**
(b)
B

T obn-1



As before, #/b>= can (r)/ CA
and 40(b)y= (1)

b :/d
, so(

Old[U-1

143 =2(+= (1x3
+yy+b:c+b .d) /cald

OIC1n1 n3 okben-1
Olden-1--

= Oc
,
d

So after the measurement on both sides,
the joint probability that Alice sees 1 and

Bob sees (d> is 18c
,
d12

.B



And 16,/= 1/=(1)
+Yb+ b -c+b .d >

2

n3 OLbEN-1

In particular :
1

,
c = Ibn ( - 1)3

+ 46 ,

So the probability that Alice & Bob observe the
same state is given by

=
n-1

lack = Eben(1)
3+Bb) = Gr Ifsaid tc= 0



So after having performed both their
measurements, Alice (e.g)) sends to

Bob K-logan classical bits describing
her observed state (c). If this

state is equal to 10 , then x =y;
otherwise

,
this means dy(x,y)=*


