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Potential Theory

Axisymmetric models for
disk galaxies

p(Z) = p(R, |2])

R = /22 + 2



Examples of
axisymmetric models

“Potential based”
models



Kuzmin disk

Kuzmin 1956

GM GM

O (R, z) = — = —
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Comparison with Plummer:
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Kuzmin disk

Kuzmin 1956
o (R ) GM
y <) = —
) VEET (at 2]
alM
YKk(R) =
KUB) = e+ a2
G M R?
‘/CZ,K(R):

(R2 + a2)3/2

Note:  for an axi-symmetric model, the circular velocity

iIs computed in the plane z=0.
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2( Y
V(R)_R dR

Plummer based model

 EXERCICE

e —

Infinitely thin disk

Equivalent to the Plummer model

B GMr?
o (TQ +b2)3/2
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Miyamoto-Nagai potential

Miyamoto & Nagai 1975

GM

(I)MN(R, Z) = —
VR + (a+ VET B2

b=0 - Kuzmin

b2M> aR? + (a+ 3v22 + b2)(a + V22 + b?)?

, G M R*

VC MN (R) — Equivalent to the Plummer model
’ (R% + (a + b))/

GMr?
(r2 + b2)3/2

‘/CQ,P (r) =

Cyemriog | Better parametrisation :
-\__EXERQ!EEJ Revaz & Pfenniger 2004



Miyamoto-Nagai potential
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Miyamoto-Nagai potential
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Miyamoto-Nagai potential
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Miyamoto-Nagai potential

Miyamoto & Nagai 1975
Circular velocity rotation curve
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Miyamoto-Nagai potential

Miyamoto & Nagai 1975
Circular velocity rotation curve
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Miyamoto-Nagai potential

Miyamoto & Nagai 1975
Circular velocity rotation curve
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Logarithmic potential

1 — -
(I)log(R, z) — 5‘/02 In (R? R2 < > Rc=0 and g=1

- Isothermal sphere

Ve 2¢* +1)R?+ R*+(2—-1/¢%)2?
inGg® (R4 R? + (2/¢%))

Plog (Ra Z) —

I - negative for g < 1,/(2)20.707

2 2
\V4 R =V « does not depends on q
c,log( ) 0 R% -+ R2 * flat rotation curve at large radius
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Logarithmic potential

Vo=1.0 R.=0.1 ¢=0.7
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Logarithmic potential
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Logarithmic potential

VWo=1.0 R.=0.1 ¢=04
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Logarithmic potential

Vo=1.0 R.=0.1 ¢=0.4

density




Logarithmic potential

Circular velocity rotation curve
Vo=1.0 R.=0.1 ¢=0.8
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Potential Theory

The potential of flattened
systems



R, 7))
R, 2) frowm PR,
ﬂim—. : 5e.£ ¢(

’ el
X Sty -
' C |ima‘r~'ca€ coc o). Fr.v'r' x 9
Poisson E.O]M&l:icn-—- w Cy
b _
SD)S)*\MS‘ ;;gﬁ’ - O
' (2.2)
I 5(({3&)_“&14& = f-.ng'Gf
G AR, - - % = 2

k.
WLnL s I'Le. l:;z;Lm..-.'wr o’r Q

Pc; 1SS own cc'ua& -



E?\G‘MP\{ : T‘[:sﬂ-mﬂl'ﬁ- -Maag.',' plfL( 13 —_ O

baoo : . 2

A) f (fl’.l:c:) - L°r ak® + a I . i . co

v y T (R'l 4 &1)‘/'! ng b
'Z.) 9?61‘% = gsék‘ = G” c‘ﬁ-r_s wolt o‘irer}q

3
o | o | (Rha?)"‘
= - (Q ﬁ) : dees wok c’f;ff"'l"}g
R ok o

=» hccowes He‘sl.},'lgtg

Cﬁw?nmdl ke f
UE:’-‘.V T -0 l—\uﬂ PQ\'STGVN Cciup.L | O L;E cow—eS

TLQ ver-‘»::;? V‘.h‘c..&!.ﬂu-. O" ¢
914—" - oqm G f(ﬂ, 1) de pewvelg onby on He ol!.'-n‘S-Lﬁ f
ol I—L._I- radiaus

(¥
~




Sm"ml'\'oﬂ--? dk’ Hng rpcn"BS‘om Eo,uml':.'o-.-—-

F(e.r) = P (rR.0) + P(RI)

——
—

'z'ti'b ?Qu\.-l- ! " u:r‘-.'r;? cﬂ_“)_”

7"

2
1) 9?5;(&,1) 2 QWC{JJ'go‘?-f(E.?")

‘Z) ¢g(n*o) s o]-;)-aiweal ’35 ag\gﬂhﬁl‘u& Ca ra jov - "'L-.x-: oliﬂ‘t’

plr, 2y — S (r)

W e \n.e_co! C~ MG‘CL\:\A-Ev-t) Lo g\ho’t ¢,(Qf9) Froma Z(e'.)




Potential Theory

Surface density-based
(razor-thin) disks



Kuzmin disk

Kuzmin 1956
o (R ) GM
y <) = —
) VEET (at 2]
alM
YKk(R) =
KUB) = e+ a2
G M R?
‘/CZ,K(R):

(R2 + a2)3/2

Note:  for an axi-symmetric model, the circular velocity

iIs computed in the plane z=0.

1d®([R,z=0)

2( Y
V(R)_R dR

Plummer based model

Infinitely thin disk

Equivalent to the Plummer model

GMr?
(r2 + b2)3/2

Vi (r) =



Mestel disk

(R < Rumax) “2D” version of the Isothermal sphere

(R 2 Rmax)



Exponential disk
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Potential Theory

The potential of infinite thin
(razor-thin) disks



‘PQ‘-EL\L'A‘P o" tero - ‘-L.’ckm?f&' (ra'}gr—%;.ﬁ ) olfSl—(S

Ia'eo.. ! St..u.—\ qu ce,an°LuL'n...-‘ c:[' o 'S'-l—- a" Flu-jS‘
05 we didh fer splenca® wodels | S© i i g ghelle
N SCR-R, - _
£ (r) = X ) os Me en| ?L*WD S(R-0,) RN

2T R,

Pw{‘e_,u.l'ﬁnp o‘r =N Tihg

Wwe MMLQV\ \'L\EIDHL«.-- -I- @

> Sm, = 5. R Jo JdR

- 5'!'-"‘-;_ = Z . Qi GJQ JQ

_ Gr 3 O8N Gr 3 O
SF. = - % . =
RA R.A




Estiwmalion of Hue 5‘!‘ou.t....'|—-ai'\'amq‘e ~elok /Ci'ftulqr \;—QIGC-\]vs

A(R)

il R>»M e,
R"L
U I" Q cg_é = = R_
c 3r 3( )'K
o Ro
"
A R>» e,
Ql
vy ~ 2
V" cco < 1d



Pc:vte,mt{a? / foree a"ca. r-imb Loss & Blitzrer 1382

N K(k
pe ey = 000 ( T )
TI"\/(R,+R)1+ 2t R ko)
GHM - TRl -2
a(RE) = - . E(k) *K(HJ
R TV (R, +R) s 2 4 (4~ IRE
W'luf\ e K(\M) : C-mw?]d-c :,l\ffhc_ i\q}—v.ar-n{J ot l;-'.rsl- j'ci\.-cL
“72._ A
K(m) = g |2 - N s;me)J Jt
[ E (W\) : Covnn 1&3'1& e.“n"ibh'ff_ ]\nl’&aﬂg oS‘ SCCamot K i ol
VL' A
ey = [ [ - e e

o



1382

Potcmt{a? / foree of o Civey Loss & Blitzer
GH K(k
dR, ) =- = ) ( o 4R )
'IT‘\/(R,+R)1+ 2t R +R)r e
GHM - PRy -
A(R, T) = - K N R E(k) *K("‘)J
R TV (R, +R) s 2 (- kORE




Potenbial of & varo- i olsk of suface Awg;\-:) Z(R)

SUW\ Q‘- f'l;""‘és

H(R,E) = g 5?95(&.1-)

Jm 9 G SH K(k)

o

Tl—\/ 02} +R)1‘f 2t

Sl SN s oI (RYR AR

P(RY) = -4G g dR’

o

oo

S (RY) R’

T—\/ (R‘ +R)1+ %1

K (k)




p(R3=) <

F

gcuz‘ sy R Kk K (%)

o

GO

& Thes ]\n\—:&rn‘q \M»s o Siwsu\eﬁh\-\) e

R R

RT .2¢5



Potential Theory

The potential of spheroidal
shells (homoeoids)
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Demonstration
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\M\na.l' 5y ‘l'L( gluev\c—-Lr c-.hl LL\ Co (Fee (VPN t‘)

€.
GMSS‘ -"LQ_OrM . §§95 (JIS = G a G H j"
dM = 5¢ ' h\u OIS?
wo
s T - PR
S U G
T e_ufi)"l'l‘-’i Caenl . 6‘{1‘("‘) = ] 3 f'_)j‘ E:
O s wlTu + cesty 2w
&Ji-\n\.‘b\ + CaSzU1 JU\ Hﬁ-&
Wek,
Al
S(w) = .
UT at | A- etsty




COMPLEMENT

Demonstration

Link belwee~ S () and Fae sof. densly of an howmseold

2 I 2 ¢
e by - H
[~ 8 < S:'"
- - vy () =5~ Mo
: s e, -5 =f ”
I\?‘&| df*H-q:L.,L'
Se = S Vp p(e)s perad Vp-E RS
. S0 o= 2P s ol R oax 13 g
¢ Ve ane 4 a:(:" ¢ &t € ot *
J
s = =Ff —z t v
> Vel = & L
% o (:[‘u * Z ¢
(] 1 -
s = G S 28 )
Ot“ Ch) F (s
\
et ', )
5y = . = — + P
f f(D\-U‘ Ch.) ﬁ



COMPLEMENT
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Newton’s Theorems

Homoeoid theorem:
* The exterior iso-potential surfaces of a thin homoeoid are the

spheroids that are confocal (u=constant) with the shell itself. Inside the
shell, the potential is constant.

Newton’s third theorem:

 Amass that is inside a homoeoid experiences no net gravitational
force from the homoeoid.



potential of homoeoids
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COMPLEMENT

Potential Theory

The potential of spheroids



The potential of spheroids defined by
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Potential Theory

The potential of infinite thin
(razor-thin) disks from
homoeoids



T]ne ?ol'“ehl:{a{) o*‘ zero Hm‘c.kncES‘ ("“*"‘“'—"w;“> ol'-;hg [_r@m hcmmc{c"s

IeO\ RePr‘co!uu_ aw-b sqrpac.q_ ale_ms;".-cj Z(Q) L-:,,:) Sum‘m;mé

o Sek GS' i\ﬂ"ihii‘ejr-:) HaHEMecl hcw\ccc{ols

thih{ L. n-_‘b Ha.H‘e,u eol %QWQQC}'[OIS

. q—o

\ jtéix
— S

TL\'-'. Sofl f’o\r_ﬂ_ ol?_tni.l—:-j rew-ouiw- S H,-g_ S € ( i.unolf,(b . c_‘:{' (:1 )

-
~

S5 (aR) = Z. ) AV S 5 (R,2)

Veor-RF s @)da
('}




Summ t'l-\é_

ib\"ih detﬁ HAH?.MEJ\ lﬂ (o} Mm'.'.'c'-‘fﬂ's

T(R) =

cSZ(o..R.) = ;Z(a.l?.)cSa

QBR“ c:«‘gR

Z. ()

Sﬂ-luL'mﬂ
. R T(e)
S (x) = -2 i(] AR )
v o R‘I’._a?.
Foe o 33‘4"@"\ Z(Q) Wwe o O P""l'e‘ Z,,("")
svdh Hab s(R) 2 S5(@e)

Q

( Hoe we.‘&L bo )



ihl'fhcl‘&[f-:) H&Hﬂneo‘ hcmaw;als
The ?ai'chk‘cn-Q is

carnlmiasoS oSS Hne_

Po "'EU\L\”O\? C!{'

plav—e t=o
#M ) = —_ G‘SH DmeQV\( LA ;} uo WeE Sloia C.OMPULL i
aé C.ﬁ'ﬁ(u) gush abore Ha FJQLA{
ie, o hada Hee ‘.EL\_U

oo ol [-cﬂ— U > Uy

with Sl = 2ma X _(&) Sa

oo \nmﬂ-;na_ Hak  toe qQ— @

G 2To 2,(~) Sa rcSana
Sp, (R E) = - — et (mu(u)

= - MG (a) Sa g_rcﬁ‘m( cash(u)

< — 4

ExT.:f'eSS‘fcm for «m (NOSTIN R = AN CGSL\LA Siw V Gl
casiv + sV =2

2 = DSahu cos v

_ A [-\/ 22 +<o. +-|?.)?"-+ \/%7' (O--'R)z.]
uyat - -

' e




WMS -~
Sb (R.2) = - 2TGI(2) arsw APN
Pul %) ( J+ N - )

Swaniﬂé_ HAE'. CGN\LV'{IDUL'GU* ag’ ml\ \ﬂowo:.cfclS‘

> 2L
#(Ql?‘) = g\ éﬁ(ﬂ,%) = _.’z_u(;gfﬂ( ) s Ug o)) ( - \ - ) aQ
o | ‘2‘ Z(Ef
‘i)mL Z (m) i - E i’ (j AR ) )
o T do - -
(o} 'R —Cu
* '20\ e Q[ Z(el
?S(Rt%) = ‘-&Gfa'lk ar'cSﬁvx( ) E’ (j JR ) )
o \f'*‘ + \f‘ clor o R'T-__al
_ e
alt:.P. cp.npcj ow “&1- . cawnm be

Fabulale sl



,Iv\]‘cbraJ:IMé ];b quif- %ir—ts

" [(MQ)/\]—.,.—]-[(Q- R/ ] :R' R =(€)
AR ) = _uﬁ"(;jo'o. By ORI N = JRa

t = R —L
- | = =
Ciccula Udcx:,.lr-c:) V. (=) Ri .
» J ~o
2 o Rca - a+R + -R =2 = ACTuAA) = in
(= 0
a a d “/Qz
cl | > =2l = 1"(5-*‘(5.‘“ = = = -

Q

= R =(€)
i = é AQ: )
Ve(R) = ~ uc:‘.[a&. NFoacs d“(j T




Exponential disk

S (R) = S e/ Ha

The integral in the razor-thin potential equation is then:

*  R'Sgef/R
f R/ \/];/2 — a2 = ZoaK1 (CL/Rd)
The potential:
a+R a—R

\/,2'2—|—(a—|—]:5)2 N \/22+(a—R)2

d(R,z) = —2V2G Ooa
/O \/R2—z2—a2+\/22+(a+R)2\/z2+(a—R)2

X anKl (CL/Rd)

The circular velocity: "
c I,(z)
O
w2 = 4G Ray? [Io(y) Ko(y) — I (y) K1 (y)] é K, (2)
h
R 7
Y= 55 o
2 Ry an




Exponential disk

Circular velocity rotation curve
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Exponential disk

Potential
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Mestel disk

2

4 " ” .
QWUg;R (R < Ruax) 2D” version of the Isothermal sphere
Y(R) =
\ 0 (R 2 Rmax)
for Rppax —
O *imax 0 ) 2,08 R a )
v, = — = vy = cte
T Jo VR?—a?
Computing the cumulative mass: | EXERCICE
R 2
v§ R
M(R) = 27?/ R R'Y(R)="2-
0 G
we get:
GM(R)
2 2
vy = v.(R) = R ! This is very specific to the Mestel disk...

In general the external mass matter.



Potential Theory

Ideal but useful models



Potential of an infinite wire of constant linear density

®(R) =2G A\ In(R) + C

e

e ——



Potential of an infinite slab of constant surface density

b(z) =21G Xy |2| + C

e

e —



Potential of an infinite slab with an oscillatory
surface density

Z

Y(z,y) = X1 Re (ez(’gf))
 will be negative !

27 ) . ,
(I)(x,y,z) = — W‘E‘ 1Re (ez(k'x)) eIkl 2




COMPLEMENT

Po*‘r_ML'Al ol‘ (-4 PN iuf\'h-'LE ;\;.L; \ui'lrln (-, cs::_:lla.\ror.) SurfFace o‘-ﬂ'--‘;‘.‘Lb

Z(=5) = Re (2, ﬂi(ﬂ)) ZA

(Al th 3?—.&.‘?

Wi“nwL IQST‘ :‘.‘)" cbel—.efg_lil.c) w e ca—

veshel ke | Z(Oc)|
> 2C
i beoe
2(=) = 2. €

Poissen eﬁml::om ﬁ?ﬂ!qﬁ(oa,q-) = unG Z(=x)3(*)

QS‘SUW{ o Cuwegfou-olh(s Polﬁth‘..la-‘? ck‘ !'Le Lbl')‘t

thex — lh?l
e

-
X
A
—
1"
-

e



COMPLEMENT

HE,HI-OJ\: l_ml‘ef)ratt_ HM!. Po{Sgc-h E.G'MEECM\ ovev

1—

52};¢ ;
3 _

i
ww N—

o

A

L

=]

D
v

evorh Fake Fhe liwk g — O

z ;
= farstg b flae wog
g g
o ®



COMPLEMENT

= + +
o x* Oy © SR
S
cp_x‘l
\3 c)'?¢ /
l'l"""\ 5 d’]— (xf "'.')1‘1") = O
E““'_g D x*®
3 :
i dr 2 (2 95.1) - o
%*""_; O Yy




COMPLEMENT

K§ kg ke e

@ | 5 dr uir G 5: = g|\'h-u f dr TG SQE‘ I(*)
3 R
hoe
= LHTGZ& <

C.cam!;fb\i“f) @ ﬂ-‘wﬂ'{ @

- ithooe
—2]!1']96@&.'1«3‘:a = urG 2, =
RuG2Z
b, = -
| ke |
¢( QTG 2 thx = |k %]
Q‘:‘ ;?‘ = - e
50 %) Y




COMPLEMENT

TLUS Po\,— Z(Q‘:ro)) = 'zﬁ <
:J:;rﬂ—lzﬂ
¢(Wf'),:}) — _ QTTGE-Q e
K
an-«r_ i‘- LL: S‘urFam o]et.-uq,.L,-,) EW\HS‘ aS o ?'laht
W e v—
i(l:; - wb)
Z(I'G)Jt) = ‘Z—b <
‘#’(?,5‘-1&) - _ G727, L*_w”ﬁlh%l
=




Potential of an Infinite slab
Y(z) = B + X1 Re (e7)
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Potential of an Infinite slab
S(z) = B + X1 Re (e7)
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Potential of an Infinite slab
S(z) = B + X1 Re (e7)
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Potential of an Infinite slab
Y(z) = B + X1 Re (e7)
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Potential of an infinite slab with a tightly
wound spiral pattern

if |ﬁ -R| <1 WKB approximation

OR (Wentzel,Kramers,Brillouin) "1 00 0 25 o oe ob on o
2w Y - of
©(R.¢) = =7 H(R)Re (7)) =I5
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Stellar orbits

15 part



Orbits

Generalities



Stellar orbits

Why studying stellar orbits ?
- understand the motion of stars in stellar systems and galaxies
— understand the observed kinematics
— constraints the mass model
- confirm the Newton law of gravity

We will assume :

- a smoothed gravitational field
- time independent potentials



Definitions

* trajectory

e Orbit

* periodic orbit

Stellar orbits

solution of the equation of motion
T =—-Vo(Z)
defined on a finite interval:

—

$‘<t),f(to) = Zg,t € [to,tl]

a trajectory defined on an infinite time interval

—

T(t), T(ty) = zo,t € |[—00, 00|

a closed orbit

Vt, 3T, 2t +T) = Z(t), Z(t+T) = Z(t)

e stationary point a point such that:

=2 =0



The End
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