Solutions to Homework 5
(CS-526 Learning Theory

Problem 1. VC dimension of union

1. Let H = {J,_, H;. By definition of the growth function we have 7y(m) < >, 7y, (m)
for any set of m points. If & > d + 1 points are shattered by H then 2F = 7 (k) <
S (k) < rk? where the last inequality follows directly from Sauer’s lemma.
Taking the logarithm on both sides and using the inequality yields

4d 2d log(r)
E< ——1 2 :
~log(2) (log(2)) " log(2)
Note that this inequality is trivially satisfied if £ < d + 1.

2. Assume that k > 2d + 2. It is enough to prove that 75,0, (k) < 2.

Lemma (Sauer-Shelah-Perles) Let H be a hypothesm class with VCOdim(H) < d <
oo and growth function 5. Then, for all m, 7/(m) < ZZ o ( ) In particular, if m > d+1
and d > 2 then 75(m) < m?.

Problem 2. Least squares and regularized least squares

1. We have

B = arg min J(B) = ||y — XB|*
BERC
J(B)=p"X"Xp-28"X"y+y"y
VI(B) =2(X" X5 - XTy)
Equating V.7 to 0, we get 3 = (XTX)"1XTy.
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2. In this case, we have

B =arg min J'(B) = [ly — XB|* + || 8|

BeR4
T B)=6"X"XB-28"X"y+y y+ A6"A
VI'(B) =2(XTX3 - Xy + A\f)

Equating V.7 to 0, we get 3 = (XTX + A,) "1 XTy.
Increasing the regularization parameter reduces the variance of the model at the cost
of increasing its bias towards solutions with a small /,-norm.

Problem 3. Linear regression with projections
Refer to the lecture notes.
Problem 4. Bias-variance decomposition

The three contributions are

Noise = E, , [(h(z) — y)?]
(Bias)* = E, | (Es [hs(x)] - h(x))’]
Variance = EsE,s [(hs(z) — Eg [hs(2)])?] .
First let us compute the optimal estimator h:
h(z) =Elyla] = 8"«
With this we can already compute the noise part:
Eey [(h(z) = y)*] = ’E[€] = p*.

Let’s now focus on the data-dependent estimator:

h(z) (XEX )" X4y T2y, p<n—1
€T) =
° (XL(XEXA) ') 2y, p>n+1.
Consider the quantity E [hg(z)] for p <n — 1:
E [(X3X4) ' X5y) wa] = E[(Xafa+ XacBac + pe)" Xa(X5X ) w4]

=E [B4XAXA(X3XA) 4]
= Bhza.

Similarly for p > n + 1:

E [(XA(XAXa) ') 2a] = BUE [XA(XaX5) Xa] 24

n
= —Baza.
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Let’s define the following quantity:
b= 1; p<n-—1
B n/p; p>n+ 1

E[hs(z)] = Bz a.

Computation of the (Bias)? contribution:

Then we have

E, |(Bs [hs(2)] — h(@)*| = E. |(vhea — 672)’)
=E, :(w D)Bawa — BAchC)Q}

=E. |( — 1 (852a)’| + B | (Fhewac)’]
= (@ = D|Bal* + || Bacll®

We now compute the variance:

Bsus [(hs(o) ~ Es (o)) = BB | (Bana — w6ana) |
= s [|13a — vBal?] = Es [184— Bu+ (@ = DBAII]
= Es [[184 = Ball* + (¥* = 20 + 1841 + 284 — Ba) Ba(w — 1)
= Es 184 = Ball] + (0* = DIIBAI? - 200 — DEs [#554]

Focusing on the last term which exists only when p > n + 1, we have:

Eg [5£BA] = Eg [BAX 0 (XaX)y]
=Eg [BAXA XAXA (XABA+XA05AC +,U€)}
= Es [BAXA(XaX3) XaB4]

= Eg [Tr{BaBaXA(XaX ) X a}]

= Tr{BaB4Es [X 4 (XaX ) XA}

= Te{8aBhl ) = Il

Plugging back, we get
EsEys [(hs(x) — Es [hs(2))’] = Es [184 = Aall?] = (1 = )18
Therefore,

184 — Ball?|
184 — Ba? (L =228al”, p>n+1l

Egs p<n—1
Variance =
Eg




By using the expression obtained for Eg [|| Ba—B A||2} in the class, we have the following
contributions to the error.

Forp<n—1:
p
Error = p* +||Bac|)® + ——— (1% + || Bac|?) .
~— ~—~— n—p-—1
Noise Bia52 ~ o
Variance
Forp>n+1:

Error = 12 + 24 (1—n/p)? 2
W2+ |1Bac 2+ (1= /Il

TV
Noise Bias2

+ (1= n/p)||Bac|® +

E?%fﬂf+th%_u—anMM?

TV
Variance

Define o = p/n and ¢ = n/d. Assume A as a uniformly random subset of 1,2,--- ,d and
taking p,n,d — oo with a and ¢ finite. For o < 1:

o
Error = u2 +(1-— 0@)”5”2 +H2 + (1 - 04%0)”5”2
~ —— 1

Noise Bias2 v~

Variance
For o > 1:
(o —1)?
Error = pi2 +(1— a1 + |51
~—~ o J
Noise Vv
Bias?
2, (1 =ap) o (- ) 2
+ (a— Dl Bl + E= 28I - S——llB).
~ vV
Variance
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