
Quantum computation : Lecture S

Shor's algorithm : conclusion

Reminder :

We are looking for the period reE1 .. N-13 of
a function f : -> I defined as

f(x) = amod N
where aE [1 .. N-13 is same fixed integer.



For this
,
we take M = 2

"

for same integerm?
such that M2N2 (justification later (
and use Shor's quantum circuit with zm
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As seen last week
,
the output of the circuit

is a number y e5o .. M - 1) such that

P(ycI) = E

where I= Ik , Fu = (kE- E , kE +1]

i
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e
.

Jocker-- St (y - k= ) = =

let us divide by M : -En



Here
,
the choice of Mwi" = 2 matters,

as this implies : - * The

Task : Find in an effective manner all
-

rational approximations of the form*
that are at mostI away from
the measured value

1.
M



Parenthesis : continued fractions
263Pick a real number

, for example 89

One-digit approximation : 1

So - = 1 +
1 = 1 +

1

189 189/74

189
= 2+ = 2+

M
-

74 74/41

T

so = 1 +
2+

1

74/41



This leads finally to 1
1
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1 +=1 =1, = 4 +5) 14 +

=

Please note F = 7 + 1 so this could go an

forever , but we choose the shortest development
Note also that if the initial number is irrational

then the development is infinite
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Legendre : Let o be a real number
Let p,g be so that 10-1292
Then I is a convergent ofd.9

Algorithm :
· Given y , compute the continued fraction of
· Lock at all convergents : check if any of the

-fdenominators is a valid period .

T
yes , weare

done;

If not
, my again with another measurement .



Note : As 1-E11
,
fr

,
we know by legendre's

-

lemma that I must be a convergent ofa &

which justifies the previous algorithm !

Complexity : · computing the convergents of
is actually Euclid's algorithm for computing

gad (y , M) : at most o(log, M) =O(m) steps
· each division costs 0(m2)

=> Olm') complexity in total .



Circuit for the GFT
2m - 1

QFT(x) = Z e
sixy/i

1y>
ziic

m = 1 : QFT (x) = 1((0) + e- (x)
E

= E(0) + ( 1)
* (1) = H(x)
Cf 01 10 11

↑ Mix T zix T

2 (lo +e + e
= -> (3)m = 2 : QFTC) = I (2) +e

= ( +exc(s)f(a +e(x)



Write x=(x
,
x0) = 23 + o (binary expansion)

= GFT() = #(10) + eNc (1)) 1%2
mix+

① E(0) + e 1 11) 14

14 & H 140

(x
↓

H S 143
Ti i
-
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SWAP gate :
kc] ⑨ X & kG)

() X & X (a)

This procedure generalizes to all values of u
(Seewe

Circuit complexity :

· 3m gates for the swap operations

· m + (m -1) + ( 2)+...+ 1 = mmm =0 (m2) gates

for the other part



General mi

: QFT(x) = (E(0 + e
* (x)

C = 1

m = 1 : ↑ (10) +2
Mix
(13)

- E

m = 2 : = los +exi(1) (10 + ex(x)-

general mi

& (x +em(x)e((x +e(x)0 ...e (10) +e)
24/2



x = (xm
-,

- -

,
x) = x-2+ -.. + 2+ (Eu . exp)

=> GFT(x)
-
Mo -14

nic+ (13)= (10) + exicl) (10) + e

① ... (10) + enictI +...ins
+

k(m1) = - · ii 14)

1km
-2) 14)

i SWAP-
in fine

(,) ----- 14m:
&

(3) -- iT In --- - in* 14m)



Check of the claim :

2m 1 zixy-
-

QFT (C) : 12 eim ly>2m/2 y=0

M m-1

-or y = Yet 2 y, +... + 2 Yor , the corresponding
-

phase is : e
Mix. Ym: Hix

- ym-2 zix
.Yo

·e
Z

--- .2 2m+

and are can check for a given sequence of bits

Ym., ..., Yo , the phases match in
the above

expression and that given by the claim . #


